Electromagnetic effects in the pion dispersion relation at finite temperature by Gómez Nicola, Ángel & Torres Andrés, R.
Electromagnetic effects in the pion dispersion relation at finite temperature
A. Gómez Nicola* and R. Torres Andrés†
Departamento de Física Teórica II, Universidad Complutense, 28040 Madrid, Spain
(Received 25 April 2014; published 12 June 2014)
We investigate the charged-neutral difference in the pion self-energy at finite temperature T. Within
chiral perturbation theory (ChPT) we extend a previous analysis performed in the chiral and soft pion
limits. Our analysis with physical pion masses leads to additional non-negligible contributions for
temperatures typical of a meson gas, including a momentum-dependent function for the self-energy. In
addition, a nonzero imaginary part arises to leading order, which we define consistently in the Coulomb
gauge and comes from an infrared enhanced contribution due to thermal bath photons. For distributions
typical of a heavy-ion meson gas, the charged and neutral pion masses and their difference depend on
temperature through slowly increasing functions. Chiral symmetry restoration turns out to be ultimately
responsible for keeping the charged-neutral mass difference smooth and compatible with the observed
charged and neutral pion spectra. We study also phenomenological effects related to the thermal
electromagnetic damping, which gives rise to corrections for transport coefficients and distinguishes
between neutral and charged mean free times. An important part of the analysis is the connection with
chiral symmetry restoration through the relation of the pion mass difference with the vector-axial spectral
function difference, which holds at T ¼ 0 due to a sum rule in the chiral and soft pion limits. We analyze the
modifications of that sum rule including nonzero pion masses and temperature, up to OðT2Þ ∼OðM2πÞ.
Both effects produce terms making the pion mass difference grow against chiral-restoring decreasing
contributions. Finally, we analyze the corrections to the previous ChPT and sum rule results within the
resonance saturation framework at finite temperature, including explicitly ρ and a1 exchanges. Our results
show that the ChPT result is robust at low and intermediate temperatures, the leading resonance corrections
within this framework being OðT2M2π=M2RÞ with MR the involved resonance masses.
DOI: 10.1103/PhysRevD.89.116009 PACS numbers: 11.10.Wx, 11.30.Rd, 12.39.Fe, 13.40.Dk
I. INTRODUCTION AND MOTIVATION
The study of hadronic at finite temperature T is one of
the theoretical ingredients needed to understand the behav-
ior of matter created in relativistic heavy-ion collision
experiments, such as those in the RHIC and LHC (ALICE),
as it expands from the onset of local equilibrium to the final
freeze-out regime [1,2]. This is especially relevant for chiral
symmetry restoration and deconfinement, for which the
lattice groups have explored exhaustively the phase dia-
gram and other thermodynamical properties [3–7]. For the
case of vanishing baryon chemical potential, the QCD
transition becomes a crossover for the physical case of 2þ
1 flavors, which makes it especially important to define
observables which would behave as order parameters, since
different quantities would point to different critical temper-
atures. Thus, the critical range from the latest lattice
simulations lies within Tc ∼ 150–170 MeV.
Several hadron gas features have been studied in differ-
ent approximations. The hadron resonance gas (HRG)
describes the system through the statistical ensemble of
all free states thermally available and provides a good
description both of lattice thermodynamical data and of
experimental hadron yields, when some corrections due to
interactions and lattice masses are accounted for [8,9]. On
the other hand, effective chiral models including explicitly
vector and axial-vector resonances have been successfully
used to describe several hadron thermal properties relevant
for observables such as the dilepton and photon spectra and
ρ − a1 mixing/degeneration at the chiral transition [10–13].
A systematic and model-independent framework to take
into account the relevant light meson degrees of freedom
and their interactions is chiral perturbation theory (ChPT)
[14,15]. The effective ChPT Lagrangian is constructed as
an expansion of the form L ¼ Lp2 þ Lp4 þ… where p
denotes a meson energy scale compared to the chiral scale
Λχ ∼ 1 GeV. Pions are actually the more copiously
produced particles after a heavy-ion collision and their
properties from hadronization to thermal freeze-out can be
reasonably described within ChPT. The temperatures
involved in that regime are not far from the ChPT
applicability range and ChPT has the added value of
providing model-independent results. Thus, the meson
gas description based on ChPT reproduces fairly well
the main qualitative features of the system, such as the
chiral-restoring behavior given by the quark condensate [16].
The introduction of realistic (unitarized) pion interactions
improves ChPT, providing a more accurate description of
several effects of interest in a heavy-ion environment, such as
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thermal resonances and transport coefficients [17–21]. This
approach has also given rise to a deeper understanding of
the scalar-pseudoscalar degeneration pattern taking place at
chiral restoration, in agreement with lattice data for meson
masses and susceptibilities [22]. In addition, the virial
expansion approach within ChPT, including unitarized cor-
rections, allows us to parametrize consistently the deviations
from the HRG-like free gas contributions [23–25].
The modification of the pion dispersion relation in
the thermal bath has been also analyzed within ChPT.
Perturbatively, to one loop the only modification is a shift in
the pion mass coming from a tadpole diagram, softly
increasing with T [26]. At two loops, pions develop a
more complicated dispersion relation [27] including an
absorptive imaginary part, which defines a mean collision
rate [28] responsible for the thermalization mean time and
the mean free path of pions in the thermal bath. This rate is
also essential to describe correctly the transport coefficients
of the pion gas [19]. Corrections to the dispersion relation
due to nonzero pion chemical potential during the chemical
nonequilibrium phase have also been studied [29].
In this work we will continue with this program by
studying the modifications of the pion dispersion relation
due to electromagnetic (EM) isospin-breaking corrections,
including virtual photon exchange, during the hadronic
phase at finite temperature. We will work within ChPT but
corrections due to resonance exchange will also be con-
sidered, within the framework of a sum rule connecting the
self-energy difference with vector and axial spectral func-
tions to evaluate the possible impact on chiral symmetry
restoration, and explicitly in a resonance saturation model
to estimate the range of validity of the ChPT analysis.
Electromagnetic corrections are the main source of the
charged-neutral mass (or more general, the self-energy)
difference and can be consistently studied within ChPT by
introducing the relevant Lagrangian terms of orders Le2 ,
Le2p2 and so on, with e the electric charge considered
formally in the chiral expansion as e2 ¼ Oðp2=F2Þ, with F
the pion decay constant in the chiral limit.
Our analysis extends, on the one hand, the previously
mentioned ChPT studies on the thermal pion dispersion
relation and, on the other hand, previous partial analysis of
the isospin breaking of such relation, namely, in the chiral
and soft pion limit [30,31] and using a Cottingham-like
approach within resonance exchange in [32]. We will
consider physical pion masses, which will give rise to
new effects such as the momentum dependence of the self-
energy (a pure thermal effect) and a nonzero imaginary
part. In addition, the departure from soft-pion sum rules
will complicate the connection with spectral functions. Our
analysis provides more realistic results regarding heavy-ion
and lattice phenomenology, since the chiral limit is
intended to be valid only for temperatures T ≫ Mπ , which
are not reached in the hadron gas. In addition, our ChPT
analysis will ensure the model independency of the results
at low and moderate temperatures taking into account all
relevant thermal contributions, which is a benchmark when
comparing to resonance exchange models. Besides, as we
will explain here, the ChPT leading correction includes
certain tadpolelike terms which are not present in the
leading resonance saturation diagrams and play an impor-
tant role at the temperatures considered. We will concen-
trate first on the corrections to the real part of the
self-energy, including its momentum dependence, but we
will see that the nonzero pion mass also induces imaginary
parts coming from Landau pure thermal cuts of diagrams
both with photon and resonance exchange, the latter
remaining as a subleading contribution. Our present work
complements and extends also our previous studies of
isospin-breaking corrections in the meson gas [33,34].
Let us discuss some additional motivations to perform
this analysis.
The spectral properties of the particles which constitute the
thermal bath are in principle subject to modifications with
respect to the vacuum, due to their mutual interactions. These
modifications might lead to important observable effects, as it
is indeed the case with the ρð770Þ meson and its influence in
the dilepton spectrum [10–12,17]. However, the temperature
dependence of the masses of pions and other light mesons is
usually not included in phenomenological analysis of hadron
yields [8] despite the fact that the dispersion relation enters
directly in the particle number distribution. In addition, the
very same expansion dynamics is also in principle influenced
by the thermal change in the pion dispersion relation.
The importance of the pion dispersion relation in the
pressure and equation of state and thus in the hadron gas
expansion has been discussed in [35]. On the other hand, a
detailed analysis of the impact of the thermal pion mass
shift in freeze-out parameters [36] shows a tiny effect from
MπðTÞ, taken as that predicted by one-loop ChPT and
hence very soft and increasing. The reason is that at low
temperatures the shift is negligible while at higher temper-
atures, when it becomes sizable, pion momenta are dis-
tributed near p ∼ T so that the mass terms become small in
the dispersion relation. In [36] it is also pointed out that an
increasing temperature-dependent pion mass is consistent
with the existence of hadronlike states prior to hadroniza-
tion, with a mass larger than their vacuum value, which
could explain the experimentally observed quark number
scaling in elliptic flow.
What we intend to address here in this phenomenological
context is, first, how EM corrections modify the prediction
of a slowly increasing pion mass, at leading order in ChPT.
In addition, we want to examine possible sizable differences
between neutral and charged self-energies with temperature
and momentum, which could be of phenomenological
interest when comparing charged and neutral pion
distributions.
Neutral pion distributions have been measured exper-
imentally in recent heavy-ion collision experiments at the
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RHIC in PHENIX [37,38] and STAR [39] as well as in
more recent ALICE (LHC) measurements [40,41]. The
comparison between neutral and charged pion spectra for
STAR data [39] shows that, although they are compatible
within errors, the central values for the π0 lie systematically
below the π for low pT in the central region. The
difference is much larger when nuclear modification factors
of neutral pions and total charged hadrons are compared in
central events, which comes basically from the baryon
excess of p=π in the intermediate momentum region
2 < pT < 4 GeV, where different hadron production mech-
anisms such as recombination come into play [42,43]. At high
enough pT , say above 4–5 GeV, hadron production comes
mainly from fragmentation mechanisms and the neutral-
charged hadron yields tend to be similar. The experimental
difficulties of accessing the lowmomentum region are evident
and hence, the lowest point to which the yields are compared
is pT ¼ 0.5 GeV in the ALICE analysis [40]. At those lower
momenta, the neutral-charged yields are compatible within
errors, although the central π0 value at pT ¼ 0.5 GeV is
slightly above the charged one. Overall, the above phenom-
enological data indicate compatibility with isospin symmetry
within errors for the observed pion spectrum.
In this experimental context, it makes sense to explore
possible differences in the charged-neutral pion masses, or
more generally in their dispersion relation, which can
include momentum-dependent corrections coming from
thermal effects, as we will see. At the very least, this
analysis should serve to confirm the very small charged-
neutral deviations observed in particle distributions and
would certainly be more useful to explore the low momen-
tum region, where soft thermal pions are dominant, so that
more precise experimental points at low pT, as expected
from ALICE data, would be welcome.
Moreover, the possible modifications in the imaginary
part would give rise to differences in the thermal width
between charged and neutral pions. These differences could
in principle be observable at least in two phenomenological
contexts. One could be differences in thermalization times
and mean free path and hence in kinetic freeze-out temper-
atures for the charged and neutral pion components,
estimating kinetic freeze-out as the temperature for which
the mean free path becomes of the order of the system size,
or equivalently for the mean collision time [29,44]. The
other one is in transport coefficients, for which the inverse
thermal width of the internal lines enters in the integrals of
the relevant loop diagrams [19]. If there are significative
differences between charged and neutral thermal widths,
there could be sizable corrections e.g. to the electrical
conductivity, related to the photon spectrum [18] or to the
shear and bulk viscosities needed to explain correctly
observables such as the elliptic flow or the trace anomaly
[19–21].
We also recall that electromagnetic differences in meson
masses at zero temperature have been measured in the
lattice with increasing accuracy up to very recently [45]. A
finite temperature isospin-breaking analysis in the light
quark sector is not available as far as we know, but
presumably it could be affordable in the near future given
the level of precision reached in the evaluation of finite-
temperature screening properties of meson correlators [6].
Besides the possible phenomenological implications,
there are other, more theoretical, aspects of our analysis,
mostly in connection with chiral symmetry restoration and
resonance saturation. At T ¼ 0, in the soft pion limit, i.e.
vanishing external pion four-momentum pπ (consistent
only in the chiral limit of vanishing pion masses), and to
leading order in e2, the following sum rule connects the EM
pion mass difference with the vector-axial spectral function
difference [46]:
lim
pπ→0
ΔM2π ¼ lim
pπ→0
ðM2
π −M
2
π0
Þ
¼ − 3e
2
16π2F2π
Z
∞
0
ds ln s½ρVðsÞ − ρAðsÞ: ð1Þ
A natural question in this context is therefore the
possible connection to chiral symmetry restoration at finite
temperature. Since vector and axial channels (saturated by
the ρ and a1 resonances respectively) are meant to
degenerate at the transition, the pion mass difference could
then behave as an order parameter. However, as pointed out
first in [31], at finite temperature, the charged pion mass
always receives a contribution ΔM2ðTÞ ∼ e2T2=4, simi-
larly to Debye screening for the longitudinal photon field,
which actually would make the pion mass difference grow
instead. That contribution alone would be comparable to
the T ¼ 0 value near Tc. However, when the sum rule (1) is
corrected at T ≠ 0 one has to take into account also the
modifications of the spectral functions ρV;A → ρV;AðTÞ,
which in the chiral limit and to leading T2 order are given
simply by a multiplicative T-dependent renormalization
that mixes the vector and axial spectral functions, predict-
ing that they become degenerate at T ≃ ffiffiffi3p Fπ [47]. That
term gives rise to a decreasing correction to ΔM2ðTÞwhich
added to the Debye-like one gives a net very soft decreasing
behavior for the pion mass difference, in agreement with
the ChPT calculation in the chiral limit [30].
All these aspects already studied in the chiral limit are
meant to change considerably when nonzero physical pion
masses are considered. First of all, the soft pion limit will
not be applicable because it only makes sense in the chiral
limit. Second, for the relevant temperatures involved near
chiral restoration and in heavy-ion collisions, T and Mπ
effects are comparable, so that new mass-dependent and
momentum-dependent terms are expected, which could
change the previous chiral-restoring and not-restoring
balance. One of our purposes in this work will be precisely
to analyze those aspects related to the connection of the
self-energy electromagnetic difference with the vector and
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axial spectral functions when the pion mass is taken at its
physical value.
Moreover, since the previous sum rule arguments and
their finite-T extensions are not directly applicable out of
the chiral limit, we will find it useful also to appeal to
models based on resonance exchange, for which the pion
mass difference has been calculated at T ¼ 0 [48], in order
to identify the leading and subleading contributions for
physical masses in the resonance saturation limit. Also
within this framework we will establish the validity limit of
our pure-ChPT calculation.
Taking all these considerations into account, the struc-
ture of this work is the following: in Sec. II we will carry
out the ChPT analysis of the self-energy, the real part
contribution being discussed in Sec. II A and the imaginary
one in Sec. II B. In both cases we will discuss several
aspects such as the differences with the chiral limit, gauge
invariance, the momentum dependence and possible phe-
nomenological consequences. Section III will be devoted to
the discussion of the extension of the sum rule connecting
the pion electromagnetic self-energy difference with the
vector–axial-vector spectral function difference. We will
review the main aspects of previous derivations, both at
T ¼ 0 and T ≠ 0 in the chiral limit, and analyze the main
differences arising for physical pion masses and the formal
implications regarding chiral symmetry-restoring and not-
restoring terms. In Sec. IV we will consider the pion self-
energy calculation in a resonance saturation framework
including the ρ and a1 resonances explicitly and will examine
the size of the different corrections within the context of the
present work. In Appendixes A and B we will clarify several
properties, definitions and conventions used throughout this
work regarding spectral functions and loop integrals.
II. CHPT ANALYSIS FOR PHYSICAL
PION MASSES
The effective chiral Lagrangian up to fourth order in p
(a meson mass, momentum, temperature or derivative)
including EM interactions proportional to e2 is given
schematically by Leff ¼ Lp2þe2 þ Lp4þe2p2þe4. The second
order Lagrangian corresponds to the familiar nonlinear
sigma model plus the addition of the gauge coupling of
mesons to the photon field via the covariant derivative, and
an additional term proportional to a low-energy constant C
compatible with the e ≠ 0 symmetries of the QCD
Lagrangian [49–52]:
Lp2þe2 ¼
F2
4
tr½DμU†DμU þ 2B0MðU þ U†Þ
þ C tr½QUQU†: ð2Þ
Since we are dealing only with pions, the
Goldstone boson field matrix takes the form UðxÞ ¼
exp½iΦ=F ∈ SUð2Þ, with
Φ ¼

π0
ffiffiffi
2
p
πþffiffiffi
2
p
π− −π0

ð3Þ
the pion field matrix.
The covariant derivative is Dμ ¼ ∂μ þ iAμ½Q; · with Aμ
the EM field and Q ¼ ðe=3Þdiagð2;−1Þ andM ¼ mˆ12 are
respectively the quark charge and mass matrices, where we
will take the QCD isospin limit mu ¼ md ¼ mˆ, since as
explained in the Introduction, we are interested in the
dominant EM isospin-breaking effect in the pion masses.
Thus, from the Lagrangian (2) we read off the tree level
neutral and charged pion masses, which we denote by a hat:
Mˆ2π ¼ 2mˆB0 þ 2C
e2
F2
;
Mˆ2π0 ¼ 2mˆB0: ð4Þ
The above squared tree level pion masses are then,
consistently, Oðp2Þ quantities independent of temperature,
which are related to the physical pion masses formally as
M2π ¼ Mˆ2π þOðp4Þ. We will be interested here in the
calculation of those p4 corrections, since they include
the leading temperature dependence coming from pion
loops. Similarly, the pion decay constant F2π ¼ F2 þOðp4Þ
and the quark condensate hq¯qi ¼ 2B0F2½1þOðp2Þ.
Physical predictions are rendered UV finite by renorm-
alization of the low-energy constants (LEC) multiplying the
different terms of the Lagrangian. Thus, the fourth order
Lagrangian consists of all possible terms compatible with
the QCD symmetries to that order, including the EM ones,
and can be found for SU(2)-ChPT, for instance, in [52]. It
introduces a set of EM and non-EM LEC which appear in
the calculation of the masses by instance of Lp4þe2p2þe4 ,
when renormalizing the T ¼ 0 divergences coming from
the loops.
At finite temperature T ≠ 0, we will work in the
imaginary time (IT) formalism [1,53] in which the corre-
lators corresponding to propagators are obtained by replac-
ing in the action t → −iτ, i
R
d4x →
R
T d
4x≡ R β0 dτ R d3~x.
The vertices remain the same as at T ¼ 0 and the Feynman
rules are modified according to the replacements indicated
in (B1). Once the internal loop sums over Matsubara
frequencies ωn are performed, the result for a given
correlator can be analytically continued to external frequen-
cies ωþ iϵ to obtain the retarded propagator, which
contains the information about the dispersion relation.
The details and definitions of the various propagators
and spectral functions are given in Appendix A while in
Appendix B we collect the results for the typical thermal
loop integrals that we will need throughout this work.
The dispersion relation is set up by the poles of the
retarded propagator at ω ¼ ωp − iγp with γp the damping
rate in the thermal bath. It is obtained from the self-energy
Σ, which in imaginary time is defined in (A1). As we will
work perturbatively within ChPT, Σ ¼ Oðp4Þ so that the
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dispersion relation is perturbed around the vacuum value,
i.e. ω2p ¼ E2p þ ReΣðEp; j~pj;TÞ and γp ¼ −ImΣðEp þ
iϵ; j~pj;TÞ=ð2EpÞ where E2p ¼ j~pj2 þ Mˆ2, Mˆ is the tree
level mass and the T-dependent and ~p-dependent self-
energy has been analytically continued from the IT one as
iωn → ωþ iϵ to obtain the retarded propagator GRðω; j~pjÞ
(see Appendix A for more details). Recall that at T ≠ 0,
Σðω; j~pjÞ depends separately on ω and j~pj as a result of the
Lorentz symmetry breaking due to the choice of the
reference system associated with the thermal bath.
If EM isospin breaking is considered, the dispersion
relation is different for charged and neutral pions already at
tree level, as indicated in (4). To one loop, the diagrams
contributing to the charged pion self-energy in ChPT are
shown in Fig. 1. To the neutral pion self-energy, only
diagrams of types (a) and (b) contribute. The numbers
between brackets in those diagrams denote the momentum
order of the Lagrangian that gives the corresponding vertex.
Diagrams (c) and (d) involve virtual photons. It is important
to note that apart from the charged-neutral differences in the
self-energy coming from diagrams (c) and (d), there are
others contributing at the same chiral order from diagrams
of tadpole type (a). Thus, on the one hand, a four-pion
vertex coming from the F2 term in (2) gives rise to a
contribution of the type GðMˆπÞ −GðMˆπ0Þ to the self-
energy charged-neutral difference, with G the tadpole
function defined in (B2). On the other hand, a four-pion
vertex coming from the C term in (2) only contributes to the
charged pion self-energy proportionally to CGðMˆπÞ.
We will discuss separately the real and imaginary
contributions to the pion self-energy within our ChPT
approach. We will refer to the appendixes for details of the
calculation. All the T ¼ 0 contributions will be regularized
in the dimensional regularization (DR) scheme throughout
this work.
A. Real part of the dispersion relation: Pion mass
difference and momentum dependence
As discussed above, the real part of the self-energy
shifts the real part of the pion pole, introducing T and
momentum dependence, perturbatively within ChPT
through ReΣðEp; j~pj;TÞ with E2p ¼ j~pj2 þ Mˆ2 with Mˆ2
the corresponding tree level pion mass. As is customary, we
will define the pion masses in the static limit ~p ¼ ~0.
The photon-tadpole diagram in Fig. 1(c) defines the
thermal Debye screening mass for longitudinal modes [1]
and vanishes at T ¼ 0. It is UV finite as it should be for a
pure thermal contribution. The UV divergences coming
from the tadpole diagrams (a) and the photon-exchange
diagram (d) are the same as at T ¼ 0 and are absorbed by
the tree level diagrams (b), which include a particular
combination of the fourth order LEC. The T ¼ 0 result for
the neutral and charged pion masses taking into account all
these diagrams is given in [52].
For the neutral pion mass, the above mentioned tadpole
diagrams give to this order:
M2
π0
ðTÞ ¼ Mˆ2π0ðT ¼ 0Þ
×

1þ 1
F2

g1ðMˆπ ; TÞ −
1
2
g1ðMˆπ0 ; TÞ

; ð5Þ
with the thermal g1 function defined in (B3). The above
thermal neutral pion mass is still increasing with temper-
ature, as shown in Fig. 2.
As for the charged pion self-energy, for the photon-
tadpole contribution in Fig. 1(c) and the photon-exchange
diagram (d) we will work in the Feynman gauge α ¼ 1
(see our notation for thermal propagators in Appendix A)
as in the T ¼ 0 analysis [48,52] and previous T ≠ 0 ones
[30–32]. In that gauge we have for diagram (c)
ΣγTadðTÞ ¼ 4e2T
X
n
Z
d3q
ð2πÞ3
1
ω2n þ j~qj2
¼ 4e2g1ð0;TÞ ¼
e2T2
3
ð6Þ
where ωn ¼ 2πnT is the internal Matsubara frequency and
we have used (B3) and (B7). As noted above, this is the
typical e2T2 screening or Debye mass behavior appearing
for longitudinal photon fields in the thermal bath [1,54]
which holds also for gluons with prefactor corrections.
Note also that this is a growing term with T, behaving then
against the naive arguments of chiral restoration mentioned
in Sec. I.
The photon-exchange term corresponding to diagram (d)
in Fig. 1 is given in the Feynman gauge as
FIG. 1. 1-PI diagrams contributing to the self-energy of a charged pion in SU(2)-ChPT to leading order. Diagrams for neutral pions are
the same removing those in which photons are present.
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ΣγExðiωm; j~pj;TÞ ¼ e2T
X
n
Z
d3q
ð2πÞ3
ð2p − qÞ2
q2½ðp − qÞ2 − Mˆ2π
ð7Þ
where p≡ ðiωm; j~pjÞ and q≡ ðiωn; ~qÞ are the external and
loop IT momenta respectively, with ωk ¼ 2πkT.
Writing in (7), 2p · q ¼ −ðp − qÞ2 þ q2 þ p2, we have
in IT
ΣγExðiωm; j~pj;TÞ ¼ e2fGðMˆπ ;TÞ − 2Gð0;TÞ þ 2½Mˆ2π
− ω2m − j~pj2JTð0; Mˆπ ; iωm; j~pjÞg ð8Þ
where the G and JT functions are defined in (B2) and (B9)
respectively. Therefore, performing the analytical continu-
ation iωm → p0 þ iϵ and for on-shell pions p2 ¼ Mˆ2π
(perturbative self-energy), this contribution can be cast as
ΣγExðωþ iϵ;ω2 ¼ E2p;TÞ ¼ e2½GðMˆπ ;TÞ − 2Gð0;TÞ
þ 4Mˆ2πJTð0; Mˆπ ;ωþ iϵ;ω2 ¼ E2pÞ:
ð9Þ
Note that in the chiral limit (mˆ ¼ 0) and neglecting
Oðe4Þ we get ΣγTad þ ΣγEx ¼ e2T24 which is nothing but the
scalar thermal mass squared obtained to one loop in scalar
QED (SQED) [54]. Note also that, according to our
analysis in Appendix B, the above JT function develops
an imaginary part, which we will analyze in Sec. II B.
At this point, let us discuss the gauge invariance of the
previous result in a covariant gauge. The gauge parameter
dependence is in the photon propagator and then it only
affects diagrams (c) and (d) in Fig. 1. If we add the
contribution proportional to ðα − 1Þ of the gauge boson
propagator (A9), we obtain the following additional con-
tributions to those diagrams:
δΣγTadðTÞ¼−e2ðα−1Þ
T2
12
δΣγExðiωm; j~pj;TÞ¼ e2ðα−1ÞT
×
X
n
Z
d3q
ð2πÞ3
½ð2p−qÞ ·q2
ðq2Þ2½ðp−qÞ2− Mˆ2π
:
ð10Þ
Now, let us concentrate on the on-shell point p2 ¼ M2
π
(which will hold after analytical continuation) so that with
similar manipulations as before, we can write the numerator
of δΣγEx as ð2p · qÞ½−ðp − qÞ2 þM2π − q2 þ ðq2Þ2 ¼
½−ðp − qÞ2 þM2
π½2p · q − q2 so that we get δΣγExðω2 ¼
E2pÞ ¼ e2ðα − 1Þ T212 ¼ −δΣγTadðTÞ since the sum and inte-
gration of p · q=ðq2Þ2 vanishes. Therefore, within our
perturbative ChPT scheme, the dispersion relation is
independent of the gauge parameter in covariant gauges.
Note that it is crucial that we remain within the strict regime
of perturbation theory to prove this result, since, consis-
tently with that approach, we have taken the self-energy at
the on-shell point.
Therefore, we get, after collecting all the pieces, for the
real part of the self-energy difference at finite temperature,
ΔΣðj~pj;TÞ ¼ ΔΣðT ¼ 0Þ þ Mˆ
2
π0
F2
½g1ðMˆπ0 ; TÞ− g1ðMˆπ ; TÞ
þ ð1− 4ZÞe2g1ðMˆπ ; TÞ þ
e2T2
6
þ 4M2
π ReJTð0; Mˆπ ; j~pjÞ þOðp6Þ; ð11Þ
where the explicit expression for ReJTð0; Mˆπ ; j~pjÞ is given
in (B14) and Z ¼ C=F4. We recover the T ¼ 0 result of
[52] taking into account (B5) and (B15). On the other hand,
in the chiral limit mˆ ¼ 0 and neglecting Oðe4Þ, we
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FIG. 2 (color online). Left: Charged (red, dashed line) and neutral (blue, solid line) pion masses in the static limit to leading order in
SU(2)-ChPT for nonzero tree level pion masses. Right: Different results for the charged-neutral pion mass difference: (a), the solid line,
corresponds to our calculation in the chiral limit keeping e ≠ 0 for the tree level charged pion mass inside the loops; (b), the dot-dashed
line, corresponds to the full ChPT calculation withm ≠ 0 and e ≠ 0 also inside the loops; (c), the dotted line, is the full result subtracting
the chiral-restoring term as explained in the text; and (d), the dashed line, is the chiral limit result neglecting Oðe4Þ as given in [30].
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reproduce the result of [30] for the EM mass difference,
namely M2
π −M
2
π0
¼ ð2Ce2=F2Þð1 − T2
6F2Þ þ 14 e2T2. Note
the combination of a first decreasing term, coming from
vector-axial mixing towards chiral restoration (as we will
discuss in Sec. III) plus the increasing thermal scalar mass
term. The net result in the chiral limit is a slowly decreasing
function as shown in Fig. 2.
In our present work, we have additional mass and
momentum dependence terms, which should play a rel-
evant role for the physically realistic temperature regime,
where the approach T ≫ Mπ is not justified. In particular, if
we define the mass in the static limit ~p ¼ ~0, using (B16) in
(11) we get
ΔM2πðTÞ≡ ΔΣðj~pj ¼ 0;TÞ ¼ ΔM2πð0Þ þ Mˆ
2
π0
F2
½g1ðMˆπ0 ; TÞ − g1ðMˆπ ; TÞ þ ð1 − 4ZÞe2g1ðMˆπ ; TÞ
þ e
2T2
6
þ 4M2
πg2ðMπ ;TÞ þOðp6Þ
¼ ΔM2πð0Þ þ e2

2ð2þ ZÞMˆ2πg2ðMˆπ;TÞ þ ð1 − 4ZÞg1ðMˆπ;TÞ þ
T2
6

þOðe4Þ þOðp6Þ ð12Þ
with g2 defined in (B17). Note that, as it is written in the last
line in (12), it is clear that all the terms give contributions
increasing with T except for the term −4Zg1 which, as we
will show in Sec. III, carries out the chiral-restoring V − A
mixing. Note also that apart from the g1ðM;TÞ terms which
become T2=12 in the chiral limit, there is also a g2 term
which was absent in the chiral limit and receives a
contribution from the photon exchange diagram and
another one from the tadpole difference of g1 functions.
Taking into account the typical asymptotic behaviors for
these functions described in Appendix B, this new g2 term
is comparable to the others for the range of temperatures
considered here, i.e. relevant for a heavy-ion environment
and actually, as we will just see, the net result for the pion
mass difference is now an increasing function of T. Recall
that both g1 and g2 are increasing functions of T.
The results for the charged and neutral masses separately
and for their difference are displayed in Fig. 2. We have
limited the temperature range to T ¼ 150 MeV, the typical
validity range for finite-temperature ChPT calculations, i.e.
T ≲Mπ. For the numerical evaluation of our results we will
take the same values for the low-energy constants as in
[55]. We have used physical masses for the pions instead of
the tree level masses for the numerical results since the
difference is encoded in higher order corrections. In the
thermal range considered, and despite the different sign of
the various terms, the increasing terms turn out to dominate
the pion mass difference, which is approximately 24%
bigger at T ¼ 150 MeV than the zero temperature value
and altogether the variation is quite soft with temperature.
Also, when T grows much above the applicability range of
these ChPT calculations the mass difference starts to
decrease. But this should be expected since expansions
in Mπ=T → 0 should coincide with the T-decreasing
chiral limit behavior noted above. It is important to remark
though that for low and moderate temperatures our result
with physical masses differs qualitatively and quantitatively
from the chiral limit one. Finally, we have shown also in the
right panel of Fig. 2 the results in a modified chiral limit
where we set mˆ ¼ 0 but consider EM effects to be still
turned on, i.e. e ≠ 0, even inside the loops. In addition, in
order to calibrate the importance of chiral symmetry
restoration in the obtained behavior, we have also plotted
in Fig. 2 the result for the EM (static) mass difference
without including the chiral-restoring term −4Zg1ðMπ; TÞ
in (12). The effect would be much larger then, giving rise to
about a 6.8 MeV mass difference around T ¼ 150 MeV,
i.e. about 1.5 times its T ¼ 0 value.
One of the conclusions of this work is then that the scalar
mass inherent to the thermal bath and the massive pion
effects overshadow the restoring terms coming from axial-
vector degeneration leaving no trace of a chiral-restoring
behavior as would have been inferred naively from (1). On
the contrary, the net result is monotonically increasing. In
Sec. III we will present a more detailed discussion in
connection with sum rules and resonance saturation.
Let us analyze now the momentum dependence in the
real part of the dispersion relation. The pion gas formed
after a relativistic heavy-ion collision is in thermal equi-
librium and hence momenta are weighted with the Bose-
Einstein distribution function. Thus, we can define a
momentum-averaged mass and compare with the static
mass defined before. This is then a relevant observable
when comparing with experimental pion distributions. The
distribution function peaks around some three-momentum
value which varies with temperature, in such a way that for
a certain T there are only an effective number of pions with
three-momenta around this value which are thermally
active. Actually, for small T ≪ Mπ , momenta are distrib-
uted around p ∼
ffiffiffiffiffiffiffiffi
MT
p
while in the opposite regime
T ≫ M they are around p ∼ T.
For any ~p-dependent observable, Að~p; TÞ, we can
associate a momentum average taking into account the
neat effect of the thermal bath by weighting over the
number of particles present at a given temperature and
dividing by the total number of pions existing in the gas, i.e.
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hAðTÞip ¼
R
d3~pnBðEp; TÞAð~p; TÞR
d3pnBðEp; TÞ
: ð13Þ
In Fig. 3 we show the results for the averaged charged
pion mass (left panel) and for the charged-neutral differ-
ence (right panel) compared with the results in the static
limit. Since Eq. (5) does not depend on ~p, neutral pions
satisfy hMπ0i ¼ Mπ0. As we see there, both pictures show
that at very low temperatures the results are almost
indistinguishable and, in the case of the charged mass,
almost imperceptible, along the range of temperatures at
which ChPT can be still predictive. The departure from the
static limit is more perceptible in the mass difference since
we are subtracting the main vacuum contribution to the
neutral and charged masses. In that plot, note that even at
moderate temperatures of about T ¼ 100 MeV, the effect
of the thermal bath makes the averaged curve grow slower
than the static one and, for larger temperatures, we even
obtain a qualitative decreasing, eventually approaching the
chiral limit behavior faster than in the static case. Since we
expect the momentum distribution to be peaked around p ∼
T as T is increased, it is not a surprise that the differences
with the p ¼ 0 case become more relevant for higher
temperatures. Note also that from (B14), we obtain that the
ReJT term in (11) vanishes asymptotically for p → ∞ as
OðM2π=p2Þ, so that the importance of that p-dependent
term becomes gradually smaller as T increases and there-
fore the total result gets closer to the chiral limit.
The main conclusion of this section is that the EM mass
difference when physical pion masses are considered is a
softly increasing function of T, pretty much as in the e ¼ 0
case. This behavior is even softer for the momentum
averaged mass. This result is consistent with the exper-
imental observations in the pion spectra noted in Sec. I. In
this respect, one can actually consider chiral symmetry
restoration as being ultimately responsible for charged-
neutral differences not being observed, in view of the
results shown in Fig. 2.
B. Imaginary part: Bremsstrahlunglike
IR enhanced contributions
To the order in ChPT that we are considering, the
photon-exchange diagram (d) in Fig. 1 leads to a nonzero
imaginary part of the self-energy which, according with our
previous discussion, allows us to define perturbatively a
damping rate for the pion as γEMðj~pjÞ ¼ −ImΣðEpþ
iϵ; j~pjÞ=ð2EpÞ. By the subscript EM we recall that this
would be a pure EM correction felt only by the charged
pions and therefore would introduce neutral-charged
differences in the damping effects, as discussed below.
In a covariant gauge, for which we have just shown that
the on-shell one-loop Σ is independent of the gauge
parameter α, and according to (9), we would have
γEMðj~pjÞ ¼ − 2M
2
π
Ep
ImJTð0;Mπ;ω ¼ Ep; j~pjÞ with ImJT
the function given in (B18). Note that we get a nonzero
answer despite the fact that the vacuum bremsstrahlung
process of a scalar radiating a photon is forbidden. The
reason is that, as discussed in Appendix B, the Landau and
unitarity cuts in this case give a contribution for which,
respectively, the conditions Ep ¼ j~qj  Ej~q−~pj, with j~qj and
j~q − ~pj the photon and internal pion momentum respec-
tively, are fulfilled for j~qj ¼ 0. Thus, those terms corre-
spond to the two possible processes π → πγ arising from
cutting diagram (d) in Fig. 1, with thermal photons
(quasiparticle states) weighted by nðj~qjÞ ∼ T=j~qj which
enhances this contribution so that
R
qnðqÞδðqÞ remains
finite according to the prescription for the δ function arising
from the retarded propagator, as we explain in detail at the
end of Appendix B.
However, the previous covariant gauge calculation of the
damping rate is not well defined. In particular, one readily
realizes that the ImΣ thus obtained is positive, so that the
damping rate would be negative and then unphysical,
the corresponding retarded propagator not having the
correct analytic behavior described in Appendix A. This
sign problem is just a reflection of a deeper issue directly
related to the gauge choice. For the imaginary part, we are
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FIG. 3 (color online). Leading order ChPT result for the static charged pion mass (left) and the charged-neutral pion mass difference
(right) versus the mean value of those same observables over external momenta in the thermal bath.
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putting the internal quasiparticles in the loop on their mass
shell, weighted by the different thermal distributions. That
means that in a covariant gauge, we are counting the
additional nonphysical gauge degrees of freedom as being
in thermal equilibrium and hence contributing to the
damping rate. The problem of introducing the correct
degrees of freedom in hot gauge theories has been actually
treated extensively in the literature [1]. For instance, a strict
loop calculation of the gauge field damping rate leads to a
dependence on the gauge parameter α when working in
covariant gauges, which may actually result in a wrong sign
for the damping rate [56,57]. This problem is avoided in
physical gauges such as the Coulomb gauge, where one
gets physically meaningful answers [58]. To arrive at the
same result in covariant gauges, alternative approaches
have to be used [59,60] which yield modifications of the
naive gauge field propagator so as to ensure that only the
physical gauge degrees of freedom remain thermally active.
Actually, as it is well known in thermal field theory, these
kinds of difficulties with gauge invariance of the standard
loop calculations were one of the motivations that led to the
formulation of the hard thermal loop (HTL) resummation
scheme at high temperatures [61]. However, within the
ChPT framework for physical pion masses, we are not in
the regime where a HTL-based approach would be appli-
cable since temperature, mass and momenta are all of the
same order, so we have to ensure that the correct degrees of
freedom for thermal quasiparticles are included. For that
purpose, we will define the charged pion damping rate in
the strict Coulomb gauge, with its free propagator given in
(A10). It contains only longitudinal D00 and transverse Dij
components, the longitudinal one not propagating, since
the corresponding free spectral function vanishes. Note that
the previous arguments should not affect the real part
calculation performed in Sec. II A in covariant gauges and
actually we have checked that the real part of the pertur-
bative on-shell self-energy remains the same in the
Coulomb gauge. We also point out that previous calcu-
lations of the charged scalar damping rate in SQED,
formally similar to ours although within the HTL regime,
are also carried out in the Coulomb gauge [62,63]. In those
works, similarly to QCD, it is found that the transverse part
of the HTL-resummed damping rate is infrared divergent,
while the longitudinal part remains finite.
It must be borne in mind that the gauge problem
mentioned above, as well as the existence of infrared
singularities for the damping rate and a nonzero longitudinal
contribution in SQED, is a warning that may indicate the
necessity of considering higher terms also in our ChPT
analysis, which is beyond the scope of this work. We
consider then our results in this section as mere estimates
of the possible size of this pion damping effect and its
consequences, which have the advantage that, at least to the
order considered, the results are guaranteed to be infrared
finite, as well as model independent. The inclusion of those
higher orders could actually amplify some of the phenom-
enological consequences that we have just discussed.
Guided by the previous considerations, we will calculate
the charged pion damping rate in the strict Coulomb gauge,
with gauge propagator given by (A10). When this propa-
gator is used in diagrams (c) and (d) of Fig. 1, we obtain
respectively, in dimensional regularization,
ΣCGγTadðTÞ ¼ −e2T
X
n
Z
d3q
ð2πÞ3
δijP
ij
T ðqÞ
q2
¼ −2e2T
X
n
Z
d3q
ð2πÞ3
1
q2
¼ e
2T2
6
ð14Þ
ΣCGγExðiωm; j~pj;TÞ ¼ e2T
X
n
Z
d3q
ð2πÞ3
ð2ωm − ωnÞ2
j~qj2½ðp − qÞ2 − Mˆ2π
− 4e2j~pj2T
X
n
Z
d3q
ð2πÞ3
1 − cos2θ
q2½ðp − qÞ2 − Mˆ2π
ð15Þ
where cos θ ¼ ~p·~qj~pjj~qj. Of the above terms, only the second
one in the rhs of (15) contributes to the imaginary part
when Σ is analytically continued and taken on the mass
shell. This is precisely the transverse contribution, the
second term in (A10), to the photon-exchange
diagram. The longitudinal part does not contribute to the
photon spectral function at this order, consistent
with the idea that longitudinal free photons do not
propagate.
As noted above, we have explicitly checked that
ΣCGγTadðTÞ þ ReΣCGγExðω2 ¼ E2p; j~pj;TÞ equals the result
(11). As for the imaginary part, which as stated is only
well defined in the Coulomb gauge, after analytic con-
tinuation and following the same steps as in Appendix B
when analyzing ImJTð0;MÞ, we get
γEMðpÞ ¼
e2
8π
p2
E2p
Z
∞
0
dqqnðqÞδðqÞ
Z
1
−1
dxð1 − x2Þ

1
1 − pxEp
þ 1
1þ pxEp

¼ e
2T
4π

1 −
M2π
2pEp
log

Ep þ p
Ep − p

ð16Þ
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where we have denoted p≡ j~pj and we have used the
retarded prescription for the δ function discussed in
Appendix B. Once more, the above contribution comes
from processes radiating thermal (physical) photon degrees
of freedom at vanishing spatial momentum.
The function γEMðpÞ in (16) is plotted in Fig. 4 (left
panel). As it can be directly checked from (16), it is linearly
proportional to T, it vanishes for p → 0þ for fixed pion mass
Mπ , and behaves asymptotically as γEMðp →∞Þ → e2T4π .
This asymptotic value is also the result in the chiral limit
M → 0þ or taking directly M ¼ 0 from the start. This p
dependence is indeed very similar to the one found in [62] for
the transverse part of the damping, although in that work γ is
logarithmically dependent on the infrared cutoff, which we
do not need to introduce at the order we are considering. In
turn, we mention that we have checked that we arrive also at
(16) by replacing in the general expressions in [62] the free
spectral function in the Coulomb gauge.
In order to analyze the possible phenomenological
effects of this EM contribution to the damping rate, we
have plotted in Fig. 4 (right panel) the average hγEMi
according to (13), compared to the averaged damping rate
in ChPT for e ¼ 0, which we denote γπ which comes from a
two-loop sunset diagram [27] and can be obtained also
from kinetic theory arguments [28]. The damping γπ is the
leading contribution to the inverse mean collision time and
to the inverse mean free path for pions in the isospin limit,
i.e. contributes equally for charged and neutral pions,
whereas, as stated above, γEM would contribute only to
the charged ones. We also recall that γπ , within the dilute
regime applicable here, depends linearly on the imaginary
part of the ππ scattering forward amplitude and hence on
the total cross section from the optical theorem, which
allows us to get a unitarized version whose average value
grows more smoothly with temperature due to the unitarity
bounds on the amplitude [27]. This unitarized damping is
actually more realistic physically, since it describes scatter-
ing more accurately.
From the curve in Fig. 4, we observe that, even though in
principle γπ is a higher order contribution with respect to
γEM in the ChPT expansion, their numerical values are
comparable for low and moderate temperatures and γπ gets
actually much larger as T increases further. This is due on
the one hand to the small numerical size of EM contribu-
tions and on the other hand to the large growing with T of
the nonunitarized damping discussed above, due to the
strongly interacting character of pion scattering as energy
increases. The second effect starts being significant from
about T ≃ 80 MeV, although the unitarized curve still
departs from the EM one above T ¼ 100 MeV.
Thus, within a heavy-ion environment, we expect the
maximum EM effects to be operative at the end of the
expansion, i.e. around thermal freeze-out T ≃ 100 MeV.
As discussed in Sec. I, the thermal damping γðpÞ enters
inversely in transport coefficients, inside a p integral
corresponding to the leading diagram for conserved current
correlators [18–20]. It is not the purpose of this work to
carry out a detailed evaluation of this effect, but in order to
get a rough estimate of the size of the corrections, we can
use just the thermal averaged values. In particular, in the
electrical conductivity only the charged pion enters in the
dominant loop [18] so that an estimate of the correction to
that coefficient with respect to the isospin limit would be of
order 1 − γπ=ðγπ þ γEMÞ, which gives, for averaged values,
0.07 for T ¼ 100 MeV (taking the unitarized value for
hγπi) and 0.13 for T ¼ 80 MeV so in that region the
expected correction to the electrical conductivity is around
10%. Regarding other transport coefficients, such as the
shear and bulk viscosities, since all pion species enter the
loop of energy-momentum correlators [19], the correction
will be of order 1 − ½1þ 2γπ=ðγπ þ γEMÞ=3 which gives
0.05 for T ¼ 100 MeV and 0.09 for T ¼ 80 MeV.
Another consequence of the EM damping effect is that
the mean free time τ ¼ 1=γ and the mean free path λ ¼
p=ðEpγÞ for charged pions are smaller than those for the
neutral component. Thus, for neutral pions τ0 ¼ 1=γπ
FIG. 4 (color online). Left: The EM damping rate versus momentum. Right: The momentum averaged pion damping rate with e ¼ 0
hγπi and the EM contribution hγEMi.
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while for charged ones τch ¼ 1=ðγπ þ γEMÞ. This implies
for instance a reduction in the thermal or kinetic freeze-
out temperature of the charged pion component with
respect to the neutral one, defined as τðTFOÞ≃ 10 fm/c,
the typical plasma lifetime. This effect is much smaller:
we get around 2 MeV reduction in TFO between
the neutral and charged components, using again the
unitarized hγπi.
III. SUM RULE, RESONANCES AND
CHIRAL RESTORATION
The study of sum rules regarding spectral functions in
the vector and axial-vector channels and their in-medium or
thermal bath modifications has been the subject of thorough
investigation up to very recently [64–66]. We will be
interested here in the sum rule related to the EM pion
mass difference and its extension to finite pion masses and
finite temperature. That sum rule was originally derived in
[46] and analyzed at finite temperature in the chiral limit
in [30,31].
The traditional derivation of the Das sum rule [30,46,48]
starts from the Oðe2Þ correction to the pion mass given in
terms of an EM current-current correlator:
ΔΣðj~pj;TÞ¼e
2
2
Z
T
d4xhπþðpÞjT JμðxÞJνð0ÞjπþðpÞiTDμν0 ðxÞ
¼e
2
2
T
X
n
Z
d3~q
ð2πÞ3
gμνTμνðq;p;TÞ
ω2nþj~qj2
: ð17Þ
Here, we have allowed for a ~p dependence on the self-
energy, from the loss of Lorentz covariance. The jπi states
are meant to be T ¼ 0 free ones with dispersion relation
p2 ¼ M2πðe ¼ 0Þ. The current Jμ is the EM current, whose
QCD representation is Jμ ¼ q¯Qγμq and time ordering is
along the imaginary time axis. The subscript T in the matrix
element indicates that the corresponding IT correlators
obtained after Lehman-Symanzik-Zimmermann reduction
formulas are to be averaged in the thermal bath. After all
the Matsubara sums are performed, the result for the self-
energy defined in (17) is meant to be analytically continued
to the external p ¼ ðωþ iϵ; ~pÞ with ω ∈ R, so that this
corresponds to the retarded self-energy, which encodes
properly the spectral properties, as discussed in Appendix A.
Since this is just the leading order correction in e2, we
can take Dμν0 as the free photon propagator, which we
consider in the Feynman gauge α ¼ 1. Tμνðq; pÞ is the
Fourier transform of the pion matrix element in the first
equation above and corresponds to Compton scattering. It
is useful to split this amplitude into contact and noncontact
terms Tμν ¼ TðCÞμν þ TðNCÞμν so that the contact contribution
corresponds to two photons interacting in the same vertex
[seagull diagram (c) in Fig. 1 in our previous ChPT
calculation], i.e. TðCÞμν ¼ 2gμν.
A. T ¼ 0 sum rule in the soft pion limit
In order to relate (17) with vector and axial-vector
thermal averages, suitable to connect with chiral restora-
tion, one possible approach is to take the soft pion limit
(SPL) p → 0 for the pion states and use current algebra
(CA) for the current commutators involved. Note that using
the SPL implies automatically that we work in the chiral
limit of vanishing quark masses mˆ ¼ 0 so that the π0 is
massless. Let us first analyze the T ¼ 0 case in the SPL.
In the SPLþ CA approach the non-contact (NC) part of
the Compton amplitude satisfies
lim
p→0
TðNCÞμν ðq; pÞ ¼ 2
F2π
½ΠVμνðqÞ − ΠAμνðqÞ ð18Þ
where ΠV;Aμν ðqÞ are respectively the Fourier transforms of
the vector and axial-vector vacuum expectation values
h0jV3μðxÞV3νð0Þj0i and h0jA3μðxÞA3νð0Þj0i with VaμðxÞ and
AaμðxÞ the vector and axial-vector currents. Note that here
we do not make any distinction between the physical Fπ
and the tree level F appearing in the lowest order chiral
Lagrangian (2) since they coincide in the regime of validity
of CA, equivalent to the lowest order in the chiral
expansion.
For the noncontact contribution we use the standard
T ¼ 0 decomposition (see Appendix A):
ΠVμν ¼

qμqν
q2
− gμν

ΠVðq2Þ
ΠAμν ¼

qμqν
q2
− gμν

ΠAt ðq2Þ þ
qμqν
q2
ΠAl ðq2Þ: ð19Þ
Note that for the axial-vector case, we have added a four-
dimensional longitudinal piece, which arises from the
partial conservation of axial current (PCAC) in QCD.
We use T, L to denote three-dimensional transverse and
longitudinal contributions (both four-dimensionally trans-
verse) and t, l to denote four-dimensional transverse and
longitudinal ones.
On the other hand, as customary, we can write for the
correlatorsΠV andΠAt their spectral function representation
at T ¼ 0:
ΠVðq2Þ ¼ q2
Z
∞
0
ds
ρˆVðsÞ
q2 − s
ΠAt ðq2Þ ¼ q2
Z
∞
0
ds
ρˆAðsÞ
q2 − s
ð20Þ
since at T ¼ 0 they only depend on q2 and there are no cuts
for s < 0 (see Appendix A).
To leading order in the low-energy expansion, or
equivalently using CA, in the chiral limit and for T ¼ 0
one has ΠAl ðqÞ ¼ F2πq2GπðqÞ with Gπ the leading order
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pion propagator, since the axial-vector current in the low
energy representation, from (2), is just Aaμ ¼ Fπ∂μπa þ…,
the dots denoting higher terms in the chiral expansion
(labeled formally by the 1=F in the Lagrangian). This is
consistent also with the PCAC theorem, valid within
CA, h0j∂μAaμjπbi ¼ δabFπM2π.
Thus, for T ¼ 0 and in the chiral limit one has
ΔM2πjSPL;T¼0 ¼
3e2
F2π
i
Z
d4q
ð2πÞ4
q2
q2 þ iϵ
×

F2π
q2 þ iϵ −
Z
∞
0
ds
ρVðsÞ − ρAðsÞ
q2 − sþ iϵ

ð21Þ
where the momentum integral is in Minkowski space-time.
The first term inside the brackets in the above expression
comes from the sum of the contact term TCμν plus the ΠAl
term contribution. Even though that first term would vanish
in DR, we keep it to track more easily the UV behavior in
terms of a cutoff Λ→ ∞, since in that way one can check
the consistency of the different versions of the sum rule.
Actually, and this is an important point, the finiteness of the
result forΛ → ∞ is directly connected with the well-known
Weinberg Sum Rules (WSR) [67] (at T ¼ 0 in the chiral
limit):
Z
∞
0
ds½ρVðsÞ − ρAðsÞ ¼ F2π ð22Þ
Z
∞
0
dss½ρVðsÞ − ρAðsÞ ¼ 0: ð23Þ
Hence, consider the dominant quadratic
R
d4qð1=q2Þ ∼
Λ2 divergent UV part in the s integral in (21), which is
given just by the leading order in the expansion q2 ≫ s
(formallyQ2 ≫ s after Wick rotating the integral so that the
Minkowskian q0 → −iq0 and Q2 ¼ q20 þ j~qj2). That lead-
ing contribution cancels then exactly with the first term
inside the brackets if (22) holds. The next to leading UV
divergence is of order
R
d4qð1=q4Þ ∼ logΛ and cancels
also once (23) is used. Once ΔM2πjSPL;T¼0 in (21) is shown
to be finite, the Q2 Euclidean integral can be performed,
giving rise to the original sum rule in [46]:
ΔM2πjSPL;T¼0 ¼ −
3e2
16π2F2π
Z
∞
0
dssðln sÞ½ρVðsÞ − ρAðsÞ:
ð24Þ
Thus, at T ¼ 0 and in the chiral limit one gets the typical
ρV − ρA contribution which naively would vanish if chiral
symmetry is restored.
For practical purposes, it would be useful to assume that
the vector and axial spectral functions are saturated,
respectively, by the ρð770Þ and a1ð1260Þ resonances,
consistently with vector meson dominance and resonance
saturation (RS) [48,49,68]. See also our comments in
Sec. IV. In this section, this will only be used for power
counting arguments regarding the sum rule, rather than to
get a numerically accurate prediction. In addition, at least
for a rough estimate, we can in principle neglect the width
of those resonances with respect to their mass, so that at
zero temperature ρV;A ∼ F2V;Aδðs −M2V;AÞwhere F2V and F2A
are the constant residues of the current correlators. They
correspond respectively to ργπ2n and a1γπ2nþ1 (n ≥ 0)
couplings in the spin-1 resonance Lagrangian [68]. Recall
that, in that limit, (22) and (23) would give respectively
F2V − F2A ¼ F2π and F2VM2V ¼ F2AM2A, which are reasonably
fulfilled by the physical values of those constants [48,49].
When this narrow RS limit is used in (24), one gets
ΔM2πjSPL;T¼0 ≃ 3e
2F2VM
2
V
16π2F2π
logðM2A=M2VÞ which gives Mπ−
Mπ0 ≃ 4.7 MeV, reasonably close to the experimental
value of 4.594 0.001 MeV.
In general, the vector and axial-vector spectral functions
should be more elaborated, including nonzero widths,
continuum and excited state contributions, in order to
comply with phenomenology data such as τ-decay data
(see [65] for a recent update). This level of precision will
not be necessary for our present work.
An important point in our analysis will be to classify the
different contributions to the pion mass difference accord-
ing to a power counting in terms of typical resonance
masses. Thus, we consider a formal expansion parameter:
x ∼M2π=M2R ∼ T2=M2R
where MR ¼ OðMV;AÞ. FV;A and Fπ are treated as param-
eters of the same order in this expansion. Note that we treat
the pion mass and the temperature as being of the same
order, which is the main difference of the present work with
[30]. This counting is basically equivalent to the chiral
expansion. However, working within the framework of
resonance models will help to better understand the
modifications to the sum rule (24) as well as to make
numerical estimates of the accuracy of ChPT, which will be
carried out in Sec. IV.
Thus, according to our previous discussion, we can think
of the SPL result (24) as the leading OðM2RÞ order, which
actually gives the numerically dominant contribution to the
constant C in (4), whereas Next to Leading Order (NLO)
corrections of OðxM2RÞ ∼OðM2π; T2Þ arise from the ChPT
pion loops discussed in Sec. II.
B. T ≠ 0 sum rule in the SPL
Let us now still keep the SPL (and therefore the chiral
limit) but allow T ≠ 0, as in the analysis performed in [30].
One can then assume that the soft pion and current algebra
theorems relating the pion expectation value of (17)
with current correlation functions, as in (18), still hold.
However, a crucial point is that now ΠV;Aμν ðq;TÞ are
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T-dependent correlation functions corresponding to
hT V3μðxÞV3νð0ÞiT and hT A3μðxÞA3νð0ÞiT .
Those correlators, apart from carrying on T-dependent
corrections to the spectral functions, will give rise to a more
complicated tensor structure, as discussed in Appendix A.
Thus, the steps leading to the thermal version of (18) are
only valid in the SPL and up to OðT2Þ corrections. For
instance, F2πðTÞ defined through the residue of the axial
correlator at the pion pole gives rise to two independent
pion decay constants, corresponding to the space and time
components of the axial current, fromOðT4Þ onwards [69],
even in the chiral limit.
Keeping only the leading OðT2Þ corrections in the chiral
limit, it is well known that the only thermal correction to
axial and vector spectral functions is a multiplicative
renormalization with respect to the T ¼ 0 ones, namely [47],
ΠVμνðq;TÞ ¼ ½1 − ϵðTÞΠVμνðq; 0Þ þ ϵðTÞΠAμνðq; 0Þ
ΠAμνðq;TÞ ¼ ½1 − ϵðTÞΠAμνðq; 0Þ þ ϵðTÞΠVμνðq; 0Þ ð25Þ
where ϵðTÞ ¼ T2
6F2 ¼ 2g1ð0; TÞ=F2 comes from pion tadpole
corrections. Note that this SPL mixing predicts chiral
restoration, in the sense of axial-vector current degeneration,
at ϵ ¼ 1=2, i.e. at T ≃ ffiffiffi3p F, before the value for which the
quark condensate vanishes in the chiral limit, T ≃ ffiffiffi8p F [26].
Thus, to this order the only modification is the residue of the
correlators, not their poles. Actually, the temperature cor-
rections to the ρ, a1 meson masses and widths are expected
to be of order Oðe−MR=TÞ ¼ Oðe−1= ffiffixp Þ [11,12,17,70].
Therefore, using in (17) the thermal version of (18) with
F2π → F2πðTÞ and the VA correlators replaced by (25), we
can write now
ΔM2πjSPL;T≠0 ¼ 4e2T
X
n
Z
d3~q
ð2πÞ3
1
ω2n þ j~qj2
−
e2½1 − 2ϵðTÞF2π
F2πðTÞ
T
X
n
Z
d3~q
ð2πÞ3
1
ω2n þ j~qj2
−
3e2½1 − 2ϵðTÞ
F2πðTÞ
T
X
n
Z
d3~q
ð2πÞ3
Z
∞
0
ds
ρVðs; 0Þ − ρAðs; 0Þ
ω2n þ j~qj2 − sþ iϵ
ð26Þ
where F2πðTÞ ¼ F2½1 − ϵðTÞ in the chiral limit [26].
The first term above comes from the contact term
(photon tadpole in Fig. 1) and is the Debye screening
mass of the longitudinal photons which will contribute also
to the charged thermal mass. In DR, from (B2), is given by
4e2g1ð0; TÞ ¼ e2T23 , the T ¼ 0 term vanishing identically
for a massless particle (in this case the photon) as discussed
already in Sec. II A.
The second term in (26) comes from the ΠAl ðq2;T ¼ 0Þ
part of the T ¼ 0 axial correlator when using the mixing
(25). Note that to the order T2 that we are keeping, in the
SPL the first and second terms in (26) add together giving a
net T2 contribution.
Finally, the last term in (26) is the reminder of the V − A
correlator coming from the noncontact part. Now the
relevant T2 contribution arises from the multiplicative
factor in front of the integrals. The rest of the thermal
contributions coming from that term are the result of
evaluating the Matsubara sum, and are essentially of the
order of g1ðMR;TÞ ∼ e−MR=T if the spectral functions are
taken as saturated by the vector and axial-vector lightest
resonances; i.e. those contributions are exponentially sup-
pressed in the x counting that we have introduced in
Sec. III A.
Note also that the formal expression (26) is finite up to
OðT2Þ in the UV cutoff Λ, by the same reason as for T ¼ 0,
i.e. using the sum rules (22)–(23), taking into account that
the infinities are contained only in the T ¼ 0 part of the
integrals and that the OðΛ2Þ is formally OðxM2RÞ so that
when extracting that contribution one should not consider
the ϵðTÞ corrections in (26), which would be of higher
order, since we are relying on the mixing (25) which is valid
only up to OðxM2RÞ ¼ OðT2Þ. On the other hand, the logΛ
is OðM2RÞ and then, for that logarithmic divergence those
ϵðTÞ corrections have to be kept in both the second and
third terms in (26). Alternatively, before using the mixing
(25), it can be proven that the expression remains finite,
since the Weinberg sum rules hold also at finite temperature
by replacing the s integrals of spectral functions by energy
ones at fixed spatial momentum [64], which is the correct
representation for the thermal correlators, as discussed in
Appendix A. Recall that in [64], these sum rules are derived
for the full axial spectral function, i.e. including the
longitudinal part.
Thus, in the chiral and SPL limits and to OðT2Þ, using
DR one has
ΔM2πjSPL;T≠0 ¼
e2T2
4
þ 2CfðTÞe
2
F2
ð27Þ
where fðTÞ ¼ ð1 − T2
6F2Þ and C given by the leading order
(24), i.e. C ¼ F2
2e2ΔM
2
πjSPL;T¼0 ¼ OðM2RÞ. Recall that (27)
includes the corrections of OðxM2RÞ to the leading OðM2RÞ
order, which in the SPL amount either to OðT2Þ or
OðϵðTÞM2RÞ. Further corrections would include either
Oðexpð−1= ffiffiffixp ÞÞ or Oðx2M2RÞ, the latter entering propor-
tionally to T4 in the chiral limit. The above result was
obtained in [30] and gives the same answer as taking the
chiral and SPL limits in our general ChPT expression (11)
as we have actually shown in Sec. II A.
It is actually instructive at this point to compare the
origin of the different terms from the viewpoint of the role
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of resonances and possible remnants of the naive chiral-
restoring V − A behavior of the T ¼ 0 expression (24).
Thus, the first term in (26), the Debye screening term, is the
one coming from diagram (c) in Fig. 1 as given in (6). The
second term in (26) is nothing but the chiral limit and SPL
version of ΣγEx in (9) from diagram (d) in Fig. 1. Thus,
when setting ~p ¼ ~0 and M ¼ 0, that contribution becomes
proportional to the tadpole T2, as discussed in Sec. II A.
These two terms combine into the T2 first term in the rhs of
(27), the thermal scalar mass. The remaining bit, i.e. the last
term in (26), proportional to the integrated difference of
spectral functions, is a tadpole correction coming from
diagrams of type (a) in Fig. 1, namely the −4Ze2g1 term in
(11). This term gives rise to the second contribution in the
rhs of (27) since in the chiral limit, the additional tadpole
contribution in (11) vanishes exactly.
Therefore, the chiral restoration V − A behavior of the
mass difference, driven by the function fðTÞ in (27), which
in principle makes the EM pion mass difference decrease, is
compensated now by the increasing behavior of the
combined Debye+photon exchange first term in (27).
The numerical sizes of these two terms are indeed com-
parable, and the net result is an almost constant T behavior
which masks then the chiral restoring. This was already
noticed in [30]. Our purpose here is to show that this
behavior remains and is even more pronounced for physi-
cally realistic pion masses, coming from two different
sources: the naive extension of the SPL sum rule using now
Mπ ≠ 0 thermal functions, plus theOðM2πÞ deviations from
that sum rule. As discussed above, the chiral limit is
nothing but the leading asymptotic term for T ≫ Mπ.
However, for realistic masses, the corrections are important
and actually their analysis allows us to understand better the
obtained T-dependent behavior.
C. T ≠ 0 analysis for nonzero pion masses andmomenta
Most of our previous discussion deals with the SPL
pμ → 0 with p the external pion four-momentum. In that
limit it is mandatory to take the chiral limit, i.e. massless
pions for e ¼ 0 or vanishing quark masses. However, for
realistic temperatures such as those being reached in heavy-
ion experiments, this is not a good approximation, since T
andMπ are parameters of the same order, and so they are in
the chiral expansion.
If the SPL is abandoned and the quark masses are
nonzero, some of the previous arguments in this section
have certainly to be revisited. We can start from the general
equation (17), from which we separate the connected
part of the current correlator. However, for the noncon-
nected part, the relation with the thermal correlators ΠV;Aμν
through the thermal extension of (18) does not necessarily
hold for pμ ≠ 0. It is also unclear that the V − A mixing
effect (25) is also the dominant one when replacing
ϵðTÞ → 2g1ðMπ;TÞ=F2, as it is often considered [65],
since the original mixing theorem [47] was derived
precisely assuming the SPL in the connection between
pion expectation values and thermal correlators. Note that
this replacement would come just from changing the free
pion propagator form the massless case to the massive one.
One could then wonder whether the thermal SPL sum
rule could be naively extended just by changing the free
pion propagator. One way to see that such sum rule
extension does not hold is to look again at the UV behavior
with a cutoff Λ. Consider then the extension of (26)
replacing just ðω2n þ j~qj2Þ → ðω2n þ j~qj2 þM2πÞ in the sec-
ond integral, to comply with PCAC at Mπ ≠ 0, ϵðTÞ →
2g1ðMπ;TÞ=F2 and the finite mass correction to F2πðTÞ
which is just F2πðTÞ ¼ F2πð0Þ½1 − 2g1ðMπ;TÞ=F2 [26].
Note that F2πð0Þ receives now corrections of order
x ∼M2π=Λ2χ . Taking now the leading UV terms, as we
did in Sec. III A, the infinities do not cancel, since the WSR
(22)–(23) are known to receive OðM2πÞ corrections. In
particular, (22) remains the same, but (23) changes to
[65,71]
Z
∞
0
dss½ρVðsÞ − ρAðsÞ ¼ F2πM2π: ð28Þ
Thus, the leading UV Λ2 term corresponding to take
s ¼ 0 in the denominator would still cancel with the Debye
term, by the same reasons as discussed in the massless case
in the previous section. Note that for this leading term it is
irrelevant to putMπ ≠ 0 in the propagator inside the second
integral. However, when the NLO logΛ is considered, there
is no cancellation, since the last integral gives an extra factor
of 3 when using (28), with respect to the M2π term in the
expansion of the second integral. Thus, we expect additional
OðM2πÞ and Oðj~pj2Þ corrections. Actually, as we did in the
chiral and SPL limits, we can read off the full result for the
pion mass difference up to order Oðe2xM2RÞ from our
previous ChPT analysis in Sec. II since this has to be the
model-independent answer to that order. However, the sum
rule analysis presented here will still be useful to keep track
of the fate of the chiral-restoring terms, associated to the
V − A spectral function differences in the thermal bath, and
of the main differences with the chiral limit.
Thus, let us consider the different thermal contributions
to the mass difference obtained in our previous ChPT
analysis, now for Mπ ≠ 0. The Debye term of diagram (c)
in Fig. 1 is given in (6) and is directly identified with the
TðCÞμν contact term as in the SPL/chiral limit. The remaining
contributions are of three different types, which we discuss
in connection with our analysis in this section:
(1) The term with no F2 dependence, namely the pion-
photon exchange contribution ΣγExðj~pj;TÞ given in
(7) and (9), which comes from the photon exchange
diagram (d) in Fig. 1. We can think of this term as the
proper extension of the second contribution in (26)
which, apart from the modification of the pion
propagator to the massive case, includes the
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insertion of ð2p−qÞ
2
ðp−qÞ2þM2π, which takes into account that
the pion-photon vertex also receives p corrections.
Now this term is not simply proportional to T2 as in
the SPL. As discussed in Sec. II A, its on-shell
contribution splits as indicated in Eq. (9), giving rise
to a T2 term which adds to the Debye one to give the
positive T2 term in (11) plus the e2g1 and 4M2π ReJT
terms in (11), which are both increasing functions of
T, as it is clear from the discussion in Appendix B.
(2) The −4Ze2g1 term in (11), which comes from
tadpoles (a) in Fig. 1 and is therefore proportional
to the leading order EM mass difference as
−2g1ðMπ; TÞΔM2π=F2. Therefore, this term gives
the directMπ ≠ 0 extension of the T2 term in fðTÞ in
(27) and thus inherits the V − A chiral-restoring
behavior.
(3) The remaining term, i.e. the second one in (11),
coming also from tadpoles (a) in Fig. 1. It has no
counterpart in the SPL and therefore it is an OðM2πÞ
modification of the SPL sum rule that has to be taken
into account also to this order. Recall that, as
indicated in Sec. II A, this term can be written,
to Oðe2Þ and OðxM2RÞ, as M
2
π
F2 ΔM
2
πg2ðMπ; TÞ þ
Oðe4; x2M2RÞ with g2 in (B17).
With the above structure, let us consider again the formal
cutoff Λ dependence in order to arrive at a consistent
modification of the thermal sum rule. For that purpose, recall
the large q2 expansion of the T ¼ 0 part (which contains the
UV divergences) of the pion-photon exchange contribution:
Z
d4q
1
q2
ð2p − qÞ2
ðp − qÞ2 −M2π
¼
Z
d4q
1
q2

1þ 4M
2
π
q2
− 2
p · q
q2
− 4
ðp · qÞ2
ðq2Þ2 þOðq
−3Þ

ð29Þ
where the on-shell condition p2 ¼ M2π has been used. Now,
taking into account that, at T ¼ 0,
Z
d4q
1
q2
p · q
q2
¼ 0
by parity, and
Z
d4q
1
q2
ðp · qÞ2
ðq2Þ2 ¼ pμpν
Z
d4q
1
q2
qμqν
ðq2Þ2
¼ 1
4
pμpνgμν
Z
d4q
1
q2
q2
ðq2Þ2
¼ M
2
π
4
Z
d4q
1
ðq2Þ2
we find that the logΛ contribution in the photon exchange
term (29) equals
3M2π
Z
d4q
1
ðq2Þ2
and therefore cancels with the logΛ part of the ρV − ρA
contribution
3
F2π
Z
d4q
1
ðq2Þ2
Z
∞
0
dss½ρVðsÞ − ρAðsÞ
when using the corresponding OðM2πÞ extension (28) of the
WSR. Recall that, as we noted before in the SPL case, when
considering the logΛ correction one has to keep the
T-dependent function multiplying both the pion-photon
exchange and the ρV − ρA contributions.
Therefore, at least at the order considered here, we find
that the thermal part of the sum rule (26)–(27) can be
consistently modified at Mπ ≠ 0 by (a) replacing the sum
and integral in the second term in the rhs of (26) by the
pion-photon exchange contribution (7) and (b) modifying
the T-dependent function by multiplying the V − A vacuum
spectral function difference, i.e. fðTÞ in (27), by
fðTÞ→ 1 − 2 g1ðMπ; TÞ
F2
þM
2
π
F2
g2ðMπ; TÞ: ð30Þ
Such modification is consistent with ChPT (model
independent) and with the required UV behavior at this
order, i.e. up to OðxM2RÞ as explained. We then see, as
anticipated in Sec. II, that the “chiral-restoring" function f
is modified by the T-increasing term g2 in (30) which
typically for T ≫ Mπ behaves as TMπ instead of the T2
decreasing behavior (restoring) coming from the g1 part,
but which for physically realistic masses and temperatures
T ∼Mπ can be of the same numerical order as the restoring
term. In addition, the nontrivial modification of the pion-
photon exchange introduces a p dependence, a nonzero
imaginary part at this order and an additional T-increasing
term for the real part. Recall that the scalar thermal mass
coming from the Debye term plus the chiral limit of pion-
photon exchange is also growing with T against the chiral
behavior, so that our analysis in this section of the structure
of the sum rule shows that introducing Mπ ≠ 0 corrections
amplifies even further this shadowing effect and there is
finally no trace of a recognizable chiral-restoring effect in
the EM pion mass difference. Put in different words, and as
recalled in Sec. II A, chiral symmetry is ultimately respon-
sible for keeping the EM pion mass difference almost
unchanged and softly increasing with T.
The analysis we have just shown clarifies the structure of
the sum rule and the formal role of the resonance
contributions, to the order considered, equivalent to that
in our previous ChPT calculation. Our next step will be to
explore to what extent we can trust this order for numeri-
cally relevant masses and temperatures. For that purpose,
we will consider explicitly a model in which ρ and a1
ELECTROMAGNETIC EFFECTS IN THE PION … PHYSICAL REVIEW D 89, 116009 (2014)
116009-15
resonances are coupled explicitly to pion and photon fields,
which allows us to estimate the typical size of the
corrections to our previous ChPT and sum rule analysis
of the EM self-energy difference.
IV. EXPLICIT RESONANCE ANALYSIS
In order to estimate the size of the corrections to the
ChPT Oðp4Þ result for the EM pion self-energy difference
and also to contrast the previous sum rule analysis of the
role of resonances and chiral restoration, we will consider
the self-energy calculation in a model where ρ and a1
resonances are explicitly included in the Lagrangian, within
the RS approach. In particular, we will take the resonance
Lagrangian in [49] where resonances are coupled to pions
in the chiral Lagrangian. Without electromagnetic effects,
the resonance couplings produce Oðp4Þ contributions
to the non-EM LEC when those resonances are integrated
out, saturating completely those LEC in the RS limit.
Actually, we will consider the RS limit for narrow
resonances, which is formally well understood in the
large-Nc limit [72] since resonance masses are Oð1Þ but
resonance widths as well as pion loops are Oð1=NcÞ
[15,73]. Actually, we will formally rely on the large-Nc
limit to classify the resonance diagrammatic contributions.
We shall see that a consistent matching with ChPT would
require formally higher order diagrams, although RS to
leading order would be enough to estimate the corrections
to the ChPT result and hence its validity range. With EM
interactions, resonances contribute already to the C con-
stant in (2), saturating it almost completely [49,74], which
is actually what we have discussed in Sec. III A in the
context of the Das sum rule [46]. Therefore, within the RS
hypothesis, we start from the Lagrangian in (2) with C ¼ 0
plus the resonance Lagrangian in [49], whose relevant
propagators and vertices can also be found in that paper. We
consider in this model the diagrams contributing to the
EM pion mass self-energy difference. Alternatively, as
done for instance in [32,48], one can start from (17) and
write down the relevant Compton scattering diagrams.
Thus, to leading order in RS and to Oðe2Þ, we consider
the one-loop diagrams shown in Fig. 5 for the charged-
neutral pion self-energy difference, to be added
to diagram (c) in Fig. 1. We do not need to consider
tadpole contributions [diagram (a) in Fig. 1] since, as we
have just explained, the tree level charged and neutral
pion masses are the same to leading order in RS. In that
sense, note that pion loops carry also additional factors
F−2 ¼ OðN−1c Þ. Diagram (b) in Fig. 1 has to be consid-
ered formally to absorb the loop divergences in the
corresponding EM LEC [74], which is a T ¼ 0 contri-
bution not altering our finite T analysis. Actually, by the
RS procedure, one finds also the finite resonance con-
tribution to those LEC [74]. Note also that diagram (e) in
Fig. 5 represents the extension of diagram (d) in Fig. 1
when the ππγ vertex is corrected by a form factor coming
from ρ exchange.
Let us then consider the contribution to the neutral-
charged self-energy difference of the finite temperature
integrals corresponding to the diagrams in Fig. 5. After
some algebraic manipulations, similar to those performed
in Sec. II, we can write them in terms of the G and JT
functions described in Appendix B as follows:
ΔΣðeÞ ¼ −4e2M4ρT
X
n
Z
d3~q
ð2πÞ3
ðp · qÞ2 − p2q2
q2ðM2ρ − q2Þ2ððp − qÞ2 −M2πÞ
þ e2T
X
n
Z
d3~q
ð2πÞ3
1
q2
¼ ΣγExðωþ iϵ;ω2 ¼ E2p;TÞ þ e2

1 −M2ρ
∂
∂M2ρ

½GðMρ; TÞ −GðMπ; TÞ
− ð4M2π −M2ρÞJTðMρ;Mπ;ωþ iϵ;ω2 ¼ E2pÞ ð31Þ
ΔΣðfÞ ¼ −3e2

FV
Fπ

2
T
X
n
Z
d3~q
ð2πÞ3
1
M2ρ − q2
¼ −3e2

FV
Fπ

2
GðMρ; TÞ ð32Þ
ΔΣðgÞ ¼ 3e2

FA
Fπ

2
T
X
n
Z
d3~q
ð2πÞ3
1
M2a1 − q
2
þ 2e2

FA
Fπ

2
T
X
n
Z
d3~q
ð2πÞ3
1
M2a1ðM2a1 − ðp − qÞ2Þ
ðp · qÞ2
q2
− p2

¼ 1
2
e2

FA
FπMa1

2
½ð5M2a1 −M2πÞGðMa1 ; TÞ þ ðM2a1 −M2πÞGð0; TÞ − ðM2a1 −M2πÞ2JTð0;Ma1 ;ωþ iϵ;ω2 ¼ E2pÞ
ð33Þ
with ΣγExðωþ iϵ;ω2 ¼ E2p;TÞ the ChPT contribution in
Eq. (9), E2p ¼ j~pj2 þM2π and we have taken FVGV ¼ F2 in
the (e) contribution, where GV is the coupling constant
entering the ρππ vertex [68,74]. The T ¼ 0 contributions
of the above diagrams,which include theUVdivergent part to
be absorbed in the low-energy constants, can be found in [74].
In connection with our discussion in previous chapters,
let us discuss the x expansion (defined in Sec. III A) of the
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different contributions. The leading order OðM2RÞ to the
self-energy difference comes from the T ¼ 0 part of
diagrams (f) and (g) and one can check that its UV λ-pole
contribution in DR cancels precisely using the leading part
of the WSR (28), i.e. F2VM
2
V ¼ F2AM2A þOðxM2RÞ. Recall
that within the RS approach, we are taking the resonance
spectral functions as completely saturated by the ρ and a1
poles. On the other hand, its finite part gives precisely the
narrow resonance limit of (24), i.e. the value for C ¼
3F2VM
2
V
32π2
logðM2A=M2VÞ [46] in (4), which saturates the pion
mass difference at T ¼ 0, accordingly with the RS hypoth-
esis and with our discussion in Sec. III A. In turn, note that
the form factor contribution (f) in (31) is UV finite as can be
checked from direct power counting and by the cancellation
of the λ pole in the expression given in (31) in terms of G
and JT , recalling the pole contribution of these two
functions given in Appendix B.
To OðxM2RÞ, the form factor contribution (e) in (31)
reduces to the first term Σγex, which is the ChPT result of
diagram (d) analyzed in Sec. II. We have checked that the
remaining terms in (31), once their T ¼ 0 part is separated,
do not contribute to this order, expanding the JT term in
inverse powers of M2ρ. On the other hand, diagrams (f) and
(g) both contribute with a zero temperatureM2πλ pole. In the
case of diagram (f), that pole comes from including theM2π
correction in the WSR, i.e. F2VM
2
V ¼ F2AM2A þ F2πM2π
according to (28). The T-dependent part of (32) is expo-
nentially suppressed as Oðe−Mρ=TÞ ¼ Oðe−1= ffiffixp Þ according
to (B8), while in (33) we have also checked that the OðT2Þ
contributions coming from the M2a1Gð0; TÞ and M4a1JT
terms cancel each other, once the JT is expanded in inverse
powers of M2a1 .
An important comment at this point is that one does not
recover from the leading order RS approach the full result
of the ChPT calculation given in (11). The second term and
the −4Zg1 contribution in the rhs of (11), both coming from
tadpole diagrams of the type (a) in Fig. 1, appear in higher
order diagrams in the RS expansion. For instance, diagrams
of type (a) in Fig. 1 in which one of the internal charged
lines is dressed with the resonance diagrams in Fig. 5 will
contribute to the second term in the rhs of (11). Also,
diagrams in Fig. 5, in which a pion tadpole is attached to the
ργππ or to the a1γπ vertices, would contribute as Zg1. In
addition, vector and axial-vector propagators are modified
by loop diagrams beyond RS. Their residues are meant to
contribute also at OðT2Þ ∼OðxM2RÞ via the ρ − a1 mixing
effect discussed in Sec. III [10,47,75], while the mass and
width modifications of the spectral functions are expected
to be of Oðe−1= ffiffixp Þ [10–12,17]. The ργ coupling can also
receive finite T corrections [11]. Some of those corrections
to the EM self-energy difference, but clearly not all of them,
could be parametrized in a T-dependent form factor as
considered in [32].
In any case, what is relevant for our present discussion is
that all these higher order diagrams come with prefactors
coming from the vertices, which are formally subleading in
the 1=Nc counting, for instance those coming with inverse
powers of F2 in (11), as compared to those considered in
Fig. 5. This is the formal way to keep track of the leading
RS contributions. As emphasized above, we will stick here
to the strict RS limit, which is consistent with considering
free resonance spectral functions with zero widths, in order
to estimate the size of the corrections to the ChPT analysis.
Actually, we recall that due to the model independency of
the ChPT framework, we are sure that the final answer to
OðxM2RÞ is that given by (11). Therefore, we estimate the
corrections as the result of evaluating the thermal contri-
butions (31)–(33) once the T ¼ 0 and theOðxM2RÞ given by
the first term in the rhs of (31) are subtracted. In doing so,
we note that the next order of correction is actually
Oðx2M2RÞ. In particular, there are Oðg1ðMπ; TÞM2π=M2ρÞ
and OðT2M2π=M2a1Þ terms arising, respectively, from (31)
and (33). Note that these terms are not present in the chiral
limit. As noted above, the contribution (32) is exponentially
suppressed, and we have also checked that the imaginary
part contributions coming from (31) and (33) are also
exponentially suppressed with respect to the ChPT result
arising from the first term in (31) and analyzed in Sec. II B.
We have evaluated numerically the resonance contribu-
tions to the real part of the self-energy in the static limit, in
order to get an approximate idea of the expected size of the
corrections to the ChPT result. The results are shown in
Fig. 6. In the left panel of that figure, we show the different
thermal contributions to the charged pion mass given by the
diagrams in Figs. 1 and 5, all shifted to the T ¼ 0mass, and
FIG. 5. Resonance saturation 1-PI diagrams contributing at leading one-loop order to the charged-neutral pion self-energy difference.
ρ and a1 particles are represented by double and dashed lines, respectively. The relevant vertices including charged pions, resonances
and photons are drawn as grey boxes.
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discussed here and in Sec. II, namely, the pion tadpole
loops given generically by diagram (a) in Fig. 1, the Debye
term from diagram (c) in Fig. 1, the photon exchange term
from diagram (d) in Fig. 1, the form factor (FF) contribu-
tion of diagram (e) in Fig. 5 excluding the ChPT photon
exchange term, the ργ photon loop of diagram (f) in Fig. 5
and the a1γ exchange of diagram (g) in Fig. 5. In the right
panel we show the deviations of the charged-neutral mass
difference calculated within the resonance model with
respect to the same ChPT calculation. The numerical
values of FV , FA and GV are those of [49], compatible
with FVGV ¼ F2. There are no significant changes when
using values coming from more recent fits like [76,77]. We
have used the physical masses for the resonances, namely
Ma1 ¼ 1260 MeV and Mρ ¼ 770 MeV.
From this plot, we observe that resonant contributions
additional to the ChPT result activate thermally around
170–200 MeV, which leaves big room for the validity range
of the ChPT result. We recall that those resonant contri-
butions do not include ρ − a1 mixing to leading order,
which is accounted for already in the ChPT result, as
discussed above. Therefore, the ChPT calculation for this
observable is dominant and robust throughout its own
applicability range, i.e. below the chiral phase transition. It
must be pointed out that, in addition to the size of the
absolute value of those resonant corrections, there is an
approximate numerical cancellation between the FF and ργ
terms, as can be seen in the left panel of Fig. 6.
V. CONCLUSIONS
In this work we have performed a thorough analysis of
the electromagnetic effects in the pion self-energy at finite
temperature, within chiral perturbation theory to one loop,
which allows us to obtain model-independent results, and
including the effect of vector and axial-vector resonant
states. The latter have been studied within the context of
sum rules and in an explicit resonance saturation approach
and they allow us to understand in a clearer way which
contributions come from chiral restoration via V − A
mixing. Apart from the link with chiral symmetry restora-
tion, particular attention has been paid to discussing
phenomenological effects and gauge invariance.
Within one-loop ChPT we have provided the full
expressions for the charged and neutral pion self-energy
for physical pion masses and external momenta. There are
important differences with respect to a previous calculation
in the chiral limit and vanishing external momentum. The
real part of the self-energy and hence the dispersion relation
is momentum dependent. That dependence is rather soft
for the relevant range of temperatures, which we have
studied by comparing the momentum-averaged self-energy,
weighted by pion thermal distributions, with the mass
defined in the static limit. Including the physical pion mass
gives rise to new terms making the EM pion mass differ-
ence increase with temperature. The net result is a soft
increasing behavior for that difference, which is compatible
with it being undetected in the neutral-charged pion spectra
observed in heavy-ion collisions, with the measurements
performed so far. The increasing is softer for the momen-
tum averaged mass than for the static one. The important
formal point here is that chiral symmetry restoration via
vector–axial-vector mixing plays an important role for
keeping that difference small, which follows from our
combined ChPT and resonance analysis.
Another important conclusion of our present work is the
analysis of the EM damping rate for charged pions from the
imaginary part of the self-energy. Here it is crucial to work
in a physical gauge; we choose the strict Coulomb gauge, to
get a meaningful answer, since only physical photon
degrees of freedom are in thermal equilibrium. Thus, the
contributions to the imaginary part come from bremsstrah-
lunglike processes with physical quasiparticle thermal
photons at vanishing spatial momentum, whose contribu-
tion is thermally enhanced, giving rise to an infrared finite
result at this order for the imaginary part of the retarded
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FIG. 6 (color online). Left: The different thermal contributions to the charged pion mass, including the resonance model ones, as
explained in the main text. Right: Comparison between the EM mass difference obtained with just ChPT and that including the
resonance saturation leading order contributions.
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self-energy. The result for the EM damping rate comes only
from the transverse modes; it is linearly increasing with
temperature, vanishes at zero pion momentum and behaves
asymptotically as a constant for large momentum. We have
analyzed possible phenomenological consequences of this
result. The electromagnetic damping is added to the
standard ChPT one so that mean free paths and free times
of charged and neutral pions become different. The
electromagnetic corrections are comparable in size to the
neutral ones up to T ∼ 60 MeV. Transport coefficients are
expected to be reduced by this effect around 10% near the
kinetic freeze-out region, with a larger effect in the
electrical conductivity than in viscosities. The freeze-out
temperatures for charged and neutral components would
also be different, although the expected effect is only
about 2 MeV.
We have also studied in detail how the sum rule relating
the electromagnetic pion mass difference in the soft and
chiral limits with the V − A spectral function difference is
modified by the inclusion of a finite pion mass and nonzero
momentum. The standard derivation of the sum rule is no
longer applicable and we have found the required mod-
ifications in order to match the ChPT model-independent
result at finite temperature. These are the modification of
the photon-exchange contribution to account for the mass
and momentum dependence and the multiplicative function
in the V − A spectral function difference, which acquires an
additional mass-dependent T-dependent increasing term.
This analysis has been performed to leading and next to
leading order in the expansion in x ∼ T2=M2R ∼M2π=M2R
with MR the resonance masses, i.e. including OðM2RÞ and
OðxM2RÞ, equivalent to the ChPT analysis.
In order to confirm the ChPT and sum rule analysis and
also to estimate the next order corrections, we have carried
out an explicit calculation of the corrections to the
electromagnetic pion self-energy difference at finite tem-
perature within a resonance saturation approach. Thus, we
have been able to estimate next to next to leading order
corrections, which show up atOðx2M2RÞ. Those corrections
remain numerically small for the range of temperatures
relevant within heavy-ion collisions, which results in a
rather large applicability range of our ChPT analysis.
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APPENDIX A: GENERAL DEFINITIONS AND
PROPERTIES OF SPECTRAL FUNCTIONS
AND DISPERSION RELATIONS
Throughout this work we follow closely [1] and [53]
regarding the finite-temperature formalism. We summarize
in these appendixes the most relevant results for our
purposes in this work.
For a scalar field or current, the time-ordered version of
the propagator in the Euclidean IT formalism is given by
Gð~x; τÞ ¼ hT ϕð~x;−iτÞϕð0ÞiT
where the subscript T indicates a thermal average, ωn ¼
2πnT is the bosonic Matsubara frequency with n ∈ Z and
time-ordering T is along t ¼ −iτ with τ ∈ ½−β; β (time
differences). Its Fourier representation can be written as
Gðiωn; j~pjÞ ¼
Z
T
d4xGð~x; τÞe−iωnτe−i~p·~x
¼ 1
ω2n þ E2p þ Σðiωn; j~pj;TÞ
ðA1Þ
where
R
T d
4x≡ R β0 dτ R d3~x, E2p ¼ j~pj2 þM20 and M20 is
the tree level mass. We will keep the ðþ;−;−;−Þ metric
with the Euclidean pE0 ≡ iωn so that we write for instance
p2 ¼ ðiωnÞ2 − E2p which will become the Minkowski p2
after analytic continuation (see below). In the above
equation, Σ is the IT self-energy function, which in the
thermal case depends independently on frequency and
three-momentum and explicitly on T.
The analytical continuation from external discrete
frequencies to continuous ones can be carried out once
all the internal Matsubara sums have been performed and
gives rise to the retarded and advanced propagators defined
as
GR;Aðω; j~pjÞ ¼ ∓iGðiωn ¼ ω iϵ; j~pjÞ ðA2Þ
with ω ∈ R and ϵ > 0 and we define from these propagators
the spectral function as ρðω; j~pjÞ ¼ 2ImiGRðω; j~pj;TÞ
whose main properties we discuss below. The spectral
function is odd in ω and in the free case, for which
Σ ¼ 0, it reads ρ0ðω; j~pjÞ ¼ 2πsgnðωÞδðω2 − E2pÞ.
In the interacting case and in the perturbative regime
considered in this paper (see comments below), the self-
energy contributions come from loop diagrams which
generate cuts for ImΣ along the real axis, so that we write
ImΣðω iϵ; j~pjÞ ¼ ∓2ωΓðω; j~pjÞ with Γ > 0 along
the cuts.
The dispersion relation is determined by the poles of
GRðω; j~pjÞ, which lie below the real axis, or equivalently by
the spectral function. If we denote the position of the poles by
zpole ¼ ωp − iγp, with γp > 0 the thermal damping rate, we
have then z2pole¼E2pþReΣðzpole;j~pj;TÞ−2izpoleΓðzpole;j~pj;TÞ.
In this work we will work within the perturbative regime,
Σ≪ E2p, ω2p ¼ E2pð1þOðΣ=E2pÞÞ, Γp ¼ OðΣ=EpÞ, so that
the perturbative solution of the pole equations reads
ω2p¼E2pþReΣðEp;j~pj;TÞ, γp¼ΓðEp;j~pj;TÞ¼−ImΣðEpþ
iϵ;j~pjÞ=2Ep, where we have made use of the fact that
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ReΣðω; j~pjÞ and Γðω; j~pjÞ are even functions of ω. Thus,
there are two perturbative poles at ωp − iγp.
From the previous properties, one can define a complex
function Gðz; j~pjÞ for complex z analytic for z off the real
axis and such that the IT propagator is Gðz ¼ iωn; j~pjÞ and
the retarded/advanced propagators are GR;Aðω; j~pjÞ ¼∓iGðz ¼ ω iϵ; j~pjÞ with ω ∈ R, i.e.
Gðz; j~pjÞ ¼ −1
z2 − E2p − Σðz; j~pj;TÞ
: ðA3Þ
In particular, in the perturbative regime described above,
it is easy to check that the above function does not have
(perturbative) poles and has the same cuts as ΣðωÞ along the
real axis.
Let us comment also on the spectral function represen-
tation of the different propagators. Applying Cauchy’s
theorem to GðzÞ in (A3), with its analytical structure
discussed above, on a suitable contour surrounding the
real axis from above and from below, one arrives at a
dispersion relation that is valid for the retarded/advanced
propagators and for the IT one, from the same spectral
function, namely,
Gðz; j~pjÞ ¼
Z
∞
∞
dω0
2π
ρðω0; j~pj;TÞ
ω0 − z
ðz∉RÞ: ðA4Þ
Thus, z ¼ iωn corresponds to the IT propagator and z ¼
ω iϵ to the retarded/advanced ones.
The above frequency representation is the more adequate
one when working at finite temperature. As noted, the
analytical continuation of the IT propagator yields naturally
the retarded propagator, which has the correct analytic
structure in terms of the physical states. In addition, it is
valid for any cut structure of G along the real axis,
including possible Landau-like purely thermal cuts (see
below). It is possible also to define thermal expectation
values of T-ordered products along t ∈ R, within the so-
called real-time formalism of thermal field theory [53].
However, those real-time T-ordered products do not have a
representation like (A4), not even in the free case, nor do
they describe the spectral properties of the theory in the
general interacting case. The problem of how to obtain the
retarded correlator from the RT one is discussed in [78].
It is instructive to relate the above “’energy” spectral
representation with the usual s representation used cus-
tomarily at T ¼ 0. First, let us write (A4) as
Gðz; j~pjÞ ¼
Z
∞
0
dω0
2π
2ω0ρðω0; j~pj;TÞ
ðω0Þ2 − z2 ðz∉RÞ: ðA5Þ
Now, we denote s ¼ z2 − j~pj2 and s0 ¼ ðω0Þ2 − j~pj2 and
assume that the following two conditions hold:
(i) ρðω0 > 0; j~pjÞ is a function only of s0, so that G is
only a function of s; and (ii) GðsÞ is analytic for 0 > s ∈ R.
Then the lower limit of integration in (A5) can be extended
to −j~pj so that by changing variables from ω0 to s0 one ends
up at T ¼ 0 with
GðsÞ ¼
Z
∞
0
ds0
ρˆðs0Þ
s − s0
ðs∉RÞ ðA6Þ
with ρˆðs0Þ ¼ ð−1=πÞImGðs0 þ iϵÞ for ω0 > 0. Note also the
2π factor conventionally included in the normalization of
the spectral function at T ¼ 0. Alternatively, one can arrive
at (A6) directly from the analytic properties of G in the s
complex plane. It is important to remark that neither of the
conditions (i) and (ii) above is met at T ≠ 0 since Lorentz
covariance is broken and Landau cuts may be present.
At T ¼ 0, the representation (A6) allows us to define the
T-ordered product −iGðsþ iϵÞ with s ∈ R.
For the case of conserved vector and axial-vector current
propagators at finite temperature, there are two independent
tensor structures PμνT , P
μν
L which are four-dimensionally
transverse [1], PT being also three-dimensional transverse:
PijT ðqÞ ¼ δij −
qiqj
j~qj2 ; P
00
T ¼ P0iT ¼ Pi0T ¼ 0
PμνL ðqÞ ¼
qμqν
q2
− gμν − PμνT ðA7Þ
where q0 ¼ iωn. We recall that the metric signature here
is ðþ − −−Þ.
Therefore, any correlator of conserved vector or axial-
vector currents can be written as
Πμνðiωn; ~qÞ ¼ ΠTðqÞPμνT ðqÞ þ ΠLðqÞPμνL ðqÞ: ðA8Þ
At T ¼ 0, one has simply ΠT ¼ ΠL ≡ Π so
that ΠμνðqÞ ¼ ðqμqνq2 − gμνÞΠðqÞ.1
For the photon case, its Euclidean propagator in an
arbitrary covariant gauge reads
Dμνðiωn; ~qÞ ¼
1
ω2n þ j~qj2 þ ΣTðiωn; ~qÞ
PμνT ðqÞ
þ 1
ω2n þ j~qj2 þ ΣLðiωn; ~qÞ
PμνL ðqÞ
þ α q
μqν
ðq2Þ2
Σμν ¼ ΣTPμνT þ ΣLPμνL
so that the free (Σ ¼ 0) Euclidean photon propagator is
1Our convention for vector and axial-vector current correlators
corresponds to that in [46,64–66] but differs from that in [30,48].
The latter authors include an additional q2 multiplying the ΠðqÞ
functions.
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Dμν0 ðiωn; ~qÞ ¼
gμν
q2
þ ðα − 1Þ q
μqν
ðq2Þ2 : ðA9Þ
As explained in the text, we will also need the free
photon propagator in the strict (α ¼ 0) Coulomb gauge,
which reads [1]
Dμν0 ðiωn; ~qÞ ¼ −
gμ0gν0
j~qj2 −
PμνT
q2
: ðA10Þ
APPENDIX B: THERMAL LOOP FUNCTIONS
FOR SELF-ENERGIES
We describe here the main properties of the typical
thermal loop integrals appearing throughout this work.
They come from the corresponding T ¼ 0 one through the
replacements
q0→ iωn¼ i2πnT;
Z
d4p
ð2πÞ4→ iT
X
n
Z
d3 ~p
ð2πÞ3 ðB1Þ
in the IT formalism, with n ∈ Z.
First, consider the tadpole integral of the free propagator:
GðM;TÞ ¼ T
X∞
n¼−∞
Z
d3~q
ð2πÞ3
1
ω2n þ E2q
¼ GðM; 0Þ þ g1ðM;TÞ ðB2Þ
with
g1ðM;TÞ ¼
1
2π2
Z
∞
0
dq
q2
Eq
nBðEqÞ; ðB3Þ
with Eq ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2
p
,
nBðxÞ ¼
1
eβx − 1
ðB4Þ
and the T ¼ 0 part containing the UV divergence (T ≠ 0
UV divergences are always contained in the T ¼ 0 part) is
given in dimensional regularization D ¼ 4 − ϵ by
GðM; 0Þ ¼ 2M2λþ M
2
16π2
log
M2
μ2χ
ðB5Þ
with
λ ¼ 1
2
ð4πÞ−D=2Γ

1 −
D
2

μD−4χ ðB6Þ
where μχ is the renormalization ChPT scale and Γ is the
Euler gamma function. For the T ¼ 0 part we follow the
same notation as in [14,15].
The g1ðM;TÞ function has the following asymptotic
behaviors:
T ≫M∶g1ðM;TÞ ¼
T2
12

1− 6
M
T
þO

M2
T2
log
M
T

ðB7Þ
T ≪M∶g1ðM;TÞ ¼ ð2πÞ−3=2

M
T

1=2
e−M=T ½1þOðT=MÞ
þOðe−2M=TÞ: ðB8Þ
Second, we analyze the one-loop integral appearing in
self-energy diagrams:
JTðm1; m2; iωm; j~pjÞ
¼ T
X∞
n¼−∞
Z
d3~q
ð2πÞ3
1
q2 −m21
1
ðq − pÞ2 −m22
ðB9Þ
for arbitrary masses m1 and m2.
As discussed above, we are interested in the analytic
continuation of the above integral iωm → z for complex z
off the real axis. In particular for z ¼ ωþ iϵ with ω ∈ R,
that would give rise to the retarded function appearing
in the retarded self-energy and hence describing the
dispersion relation as explained in Appendix A. The
analytic continuation is performed after evaluating
the internal Matsubara sum in n, which can be carried
out using standard finite-temperature methods. In fact,
inserting the spectral representation (A4) for the two IT
propagators inside the integral and using the formula
T
X
n
1
ω1 − iωn
1
ω2 − iðωm − ωnÞ
¼ nBðω1Þ − nBð−ω2Þ
ω1 þ ω2 − iωm
ðB10Þ
we arrive at the retarded continuation of JT :
JTðm1; m2; z; j~pjÞ ¼ −
Z
d3~q
ð2πÞ3
1
4E1E2

½1þ nBðE1Þ þ nBðE2Þ

1
z − E1 − E2
−
1
zþ E1 þ E2

þ ½nBðE1Þ − nBðE2Þ

1
zþ E1 − E2
−
1
z − E1 þ E2

ðB11Þ
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where we have used nBðxÞ þ nBð−xÞ þ 1 ¼ 0 and, for simplicity, we denote E1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~qj2 þm21
p
, E2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~q − ~pj2 þm22
p
.
Thus, setting z ¼ ωþ iϵ with ω ∈ R and separating the real and imaginary parts gives
ReJTðm1; m2;ω; j~pjÞ ¼ ReJT¼0ðm1; m2;ω; j~pjÞ −
1
2
P
Z
d3~q
ð2πÞ3

nBðE1Þ
E1

1
ðE1 − ωÞ2 − E22
þ 1ðE1 þ ωÞ2 − E22

þ nBðE2Þ
E2

1
ðE2 − ωÞ2 − E21
þ 1ðE2 þ ωÞ2 − E21

ðB12Þ
ImJTðm1; m2;ωþ iϵ; j~pjÞ ¼ π
Z
d3~q
ð2πÞ3
1
4E1E2
f½1þ nBðE1Þ þ nBðE2Þ½δðω − E1 − E2Þ − δðωþ E1 þ E2Þ
þ ½nBðE1Þ − nBðE2Þ½δðωþ E1 − E2Þ − δðω − E1 þ E2Þg ðB13Þ
where P denotes Cauchy’s principal value. Note that ReJ is
even in ω whereas ImJ is odd in ω as it corresponds to a
spectral function.
The T ¼ 0 part of the above functions corresponds to
taking all nB functions as vanishing and is equal to JðsÞ in
the notation of [15], with s ¼ ω2 − j~pj2. The explicit
expression for T ¼ 0 is given in that paper and we do
not reproduce it here. The DR UV pole proportional to λ in
(B6) is contained in Jðs ¼ 0Þ ¼ −2λþ finite terms.
In the general T ≠ 0 case, the JT function depends on ω
and j~pj separately due to the breaking of Lorentz covari-
ance in the heat bath. For the case of equal masses
m1 ¼ m2, JT reduces to the J0 function analyzed in [79]
for thermal pion scattering.
The imaginary part in (B13) is nonzero along the cuts
depicted in Fig. 7 in the ω complex plane. A detailed
account of the contributions to the imaginary part for every
cut can be found for instance in [80]. The δðω − E1 − E2Þ
and δðωþ E1 þ E2Þ terms in (B13) require ω2 ≥ j~pj2 þ
ðm1 þm2Þ2 to be nonzero, for ω > 0 and ω < 0 respec-
tively. Those two terms account physically for the decay of
a particle P with energy and momentum ðω; ~pÞ into a pair
P → 12 and the inverse process 12→ P, or equivalently to
the direct and inverse scattering processes with intermedi-
ate states 12 and s ¼ ω2 − j~pj2 the Mandelstam variable.
Therefore, this is the usual T ¼ 0 cut giving rise to
unitarity, where the factor nBðE1Þ þ nBðE2Þ enhances the
contribution of the imaginary part due to the presence of 1
and 2 particles in the thermal bath. On the other hand, the
terms proportional to nBðE1Þ − nBðE2Þ give rise to the
so-called Landau cuts, which are purely thermal, and
require ω2 ≤ j~pj2 þ ðm1 −m2Þ2. These Landau cuts arise
from processes like 1 → P2 and 2 → P1 from thermally
distributed states 1 and 2. Thus, the δðω − E1 þ E2Þ
term produces two contributions, one for ω ≥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 þm2Þ2 þ j~pj2
p
and another one for −j~pj ≤ ω ≤
j~pj, which are depicted as two overlapping cuts in
Fig. 7. The same happens for the δðω − E1 þ E2Þ term,
giving rise to the remaining cuts.
An important case for this paper is m1 ¼ 0, m2 ¼ M,
ω2 ¼ j~pj2 þM2 (on-shell) for which we find, from (B12),
ReJTð0;M; j~pjÞ ¼ ReJT¼0ð0;MÞ þ
1
16π2
1
j~pj
× P
Z
∞
0
dqq
nBðEqÞ
Eq
log
j~pj þ q
j~pj − q

2
ðB14Þ
where the T ¼ 0 part can be obtained from the expressions
for J in [15] and reads
ReJT¼0ð0;MÞ ¼ −2λþ
1
16π2

1 − log
M2
μ2χ

: ðB15Þ
Note that in passing from (B12) to (B14), the nBðE1Þ ¼
nBðqÞ term, which contained an integrable singularity at
q ¼ 0, vanishes exactly and in the nBðE2Þ term, the change
FIG. 7. Cut structure of the loop integral JTðm1; m2;ω; j~pjÞ in the ω complex plane with Eðm1m2Þ;p ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~pj2 þ ðm1 m2Þ2
p
and
p≡ j~pj.
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of variable ~q → ~qþ ~p has been performed, so that the
integrable singularity at q ¼ 0 moves to q ¼ j~pj.
A particularly interesting limit is the static one ~p ¼ ~0.
Taking this limit in our previous expression (B14) yields
ReJTð0;M; j~pj → 0þÞ ¼ ReJT¼0ð0;MÞ þ g2ðM;TÞ
ðB16Þ
with
g2ðM;TÞ ¼
1
4π2
Z
∞
0
dq
nBðEqÞ
Eq
¼ − dg1ðM;TÞ
M2
ðB17Þ
which behaves asymptotically as g2ðM;TÞ≃ T8πM for
T ≫ M and g2ðM;TÞ≃ ð1=2M2Þð2πÞ−3=2ðM=TÞ3=2e−M=T
for T ≪ M.
The analysis of the imaginary part for the case of one
vanishing mass and on-shell external line is relevant for our
discussion in Sec. II B. In this case, the Landau and
unitarity cuts in Fig. 7 meet at the branch points ω2 ¼
j~pj2 þM2 (ω ¼ Ep) i.e. precisely at the physical on-shell
point. Starting from the general expression (B13), the first δ
function requires in that case Ep ¼ qþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~q − ~pj2 þM2
p
.
That condition holds only for q ¼ 0, provided M > 0 (so
that the other solution at ~p·~qj~pjq≡ cos θ ¼ Ep=j~pj > 1 is
discarded). Hence, δðEp − q − E2Þ ¼ EpδðqÞEp−j~pj cos θ so that
the angular integration in θ can be easily performed, and
so on for ω ¼ −Ep in the second δ contribution in (B13).
The third and fourth δ contributions for this case require
also q ¼ 0, with ω ¼ Ep for the third one and ω ¼ −Ep for
the fourth. Now, because of the δðqÞ, in all these terms the
only surviving contributions are those proportional to
nBðqÞ, for which the integrand behaves near q→ 0þ as
q2 nBðqÞq ∼ T. In particular, the T ¼ 0 contribution vanishes,
as it corresponds to the absence of bremsstrahlung for a
charged scalar particle in vacuum. In addition, we should
take into account that our δ functions come from the
separation in (B11) 1xþiϵ ¼ P 1x − iπδðxÞ so that δðxÞ ¼
1
π
ϵ
ϵ2þx2 and therefore
Z
∞
0
δðxÞ ¼ lim
ϵ→0þ
Z
∞
0
1
π
ϵ
ϵ2 þ x2 ¼ limϵ→0þ
1
π
arctan

x
ϵ

∞
0
¼ 1
2
:
Altogether, we find
ImJTð0;M;ω ¼ Ep; j~pjÞ ¼
1
16π
T
p
log

Ep þ j~pj
Ep − j~pj

ðB18Þ
which in the j~pj → 0þ limit becomes ImJTð0;M;
j~pj → 0þÞ ¼ T
8πM.
An alternative way to arrive at the result (B18) is to
calculate ImJTð0;M;ωþ iϵ; j~pjÞ for arbitrary ω off the on-
shell point. Taking then the limit ω → Eþp one can then
check that (B18) is recovered.
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